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agréable et conviviale. Merci à Emmanuel, Cyrille, Mercedes, Ilaria, Laure-Anne, Nicolas, Olivier et Tristan
avec qui je partage de nombreux repas du midi, souvent suivis de siestes plus ou moins longues en écoutant
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aussi très content que Laure-Anne soit arrivée à Limoges : même si les discussions entre un mathématicien
et une biologiste ne sont pas toujours simples, on progresse, et je suis convaincu que cela mènera à de très
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dans toutes les démarches administratives.
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Je terminerai ces remerciements en évoquant les personnes qui comptent le plus dans ma vie : ma famille.
Sans vous, sans votre soutien constant et votre amour, rien de tout cela n’aurait été possible. Je vous dois
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Chapter 1

Introduction

1.1 Presentation of the thesis

The objective of this manuscript is to monitor and manage vehicular traffic flow on highways or road networks
using sensors and controllers such as toll gates or/and autonomous vehicles (AVs). To this end, we rely on
dynamical models to capture the evolution of vehicular traffic. At macroscopic scale, it is modeled by Partial
Differential Equations (PDEs) [77, 87] having the following form

∂tρ(t, x) + ∂xf(ρ(t, x)) = 0, (t, x) ∈ R∗+ × R, (1.1.1)

where the function (t, x) 7→ ρ(t, x) stands for the density of cars at time t and at position x. PDEs of this
form are called conservation laws since the variation of the quantity ρ is given only by the amount of flux
going through its boundary. Such models are well suited to describe large-scale traffic phenomena but they
also have intrinsic mathematical difficulties, such as the development of discontinuities in finite time and the
need to select a unique physical weak solution of (1.1.1). The most standard criteria for selecting a unique
weak solution are the so-called entropy conditions introduced by Kruzhkov [65], which are inspired by fluid
dynamics. However, weak-entropy solutions alone do not capture the effects of tollgates or AVs on traffic
flow. To account for these features, alternative notions of weak solutions of (1.1.1) will be considered, based
either on a flux-constrained PDE or on coupled PDE–ODE systems. The flux-constrained PDE models the
presence of tollgates along a highway, while the coupled PDE–ODE model describes the impact of AVs on
traffic flow. In the PDE–ODE framework, the Ordinary Differential Equations (ODEs) represent the trajec-
tories of the AVs. They impact the traffic flow, modeled by the PDE, through moving flux constraints, that
locally reduce the road capacity.

Our goal is to design controllers so as to positively influence traffic flow, for instance by reducing total
travel time or overall fuel consumption. The controllers act on the traffic flow through the reduction of road
capacity at tollgate locations and/or by modifying the maximum speed of AVs. To construct controllers,
we have to study optimal control and stabilization problems for systems of conservation laws. Due to the
presence of discontinuities in the road density ρ, the cost functions associated with optimal control problems
are generally non-differentiable, making the derivation of first-order optimality conditions challenging. More-
over, these discontinuities, together with switching and delay phenomena, significantly complicate stability
analysis and the derivation of stabilization results.

There exist a large variety of controllers dealing with stabilization of hyperbolic systems as Proportional
controller, Proportional-Integral controller [69] or Sliding Mode Controller [70]. These laws require a good
and accurate knowledge of road density ρ in (1.1.1). In [83, 94], the mass of the weak-entropy solution of
(1.1.1) over the segment [0, L] is needed to stabilize (1.1.1) around a stationary point. This highlights the
need for efficient state reconstruction algorithms using measurements from fixed sensors but also capable
of dealing with GPS measurements. Accurate macroscopic state reconstruction from probe vehicle data
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requires a clear understanding of the relationship between microscopic and macroscopic models.

In Part I, we develop efficient traffic state reconstruction methods capable of exploiting heterogeneous data
sources, including fixed sensors and sparse GPS measurements from probe vehicles. More precisely, in Chap-
ter 2, we give a short review of microscopic and macroscopic traffic models, including Follow-the-Leader
systems, the LWR model, and second-order models as ARZ and GARZ. We also explain how the impact of
AVs on traffic flow can be modeled throught moving flux constraints. Chapter 2 also discusses the challenges
of reconstructing macroscopic traffic density from limited microscopic data and motivates the use of learn-
ing approaches based on rigorous micro-to-macro convergence results. In Chapter 3, we prove existence,
uniqueness, and stability results for coupled PDE–ODE traffic models that model the impact of AVs on
traffic flow. The main difficulty lies in the presence of non-classical shock waves, shocks that violate the
Lax entropy condition. As a consequence, standard weak-entropy frameworks for conservation laws cannot
be applied directly. Chapter 3 also focuses on the reconstruction of states from sparse data. It includes a
detailed study of inverse problems for scalar conservation laws and introduces a machine-learning-based re-
construction framework with theoretical convergence proofs to weak-entropy solutions of (1.1.1). In Chapter
4, we extend the discussion to traffic flow on road networks. We recall how to construct consistent cou-
pling conditions at junctions using the theory of generalized germs (G-solution from [4, 5, 79]) and realistic
junction configurations (merges, priority, spillover effects). Then, we formulate open problems related to
the construction of physically realistic germs, existence theory on networks, and micro-to-macro limits for
networked traffic models.

In Part II, we develop control strategies for conservation laws to have a positive impact on traffic flow. In
chapter 5, we discuss the limitations of applying existing stabilization techniques in the presence of discon-
tinuous waves, entropy boundary conditions, and finite propagation speed. In Chapter 6, we present the
main results on stabilization of G-solutions of conservation laws using maximum flow controllers at junction,
such as toll gates. We also analyze optimal control problems aimed at reducing total fuel consumption.
We show numerically that controlled autonomous vehicles can have a positive impact on overall traffic flow.
In Chapter 7, we extend the discussion to the construction of open-loop optimal controllers and feedback
controllers for traffic networks.

Overall, the manuscript provides a unified framework for modeling, monitoring, and controlling traffic flow,
based on rigorous mathematical analysis. It establishes well-posedness results for coupled PDE–ODE models
with autonomous vehicles, proposes reconstruction methods with theoretical guarantees under sparse data,
and develops robust control strategies for traffic management. The work also opens several perspectives on
traffic flow on networks, contributing to the development of realistic and mathematically consistent traffic
control systems, see figure below for a schematic view of the thesis.

• Conservation laws
→ LWR, GARZ

• Non-standard weak solutions
→ flux constraints, PDE–ODE

• Well-posedness
→ wave-front tracking, compactness

Models

• Real traffic data and augmentation data
→ GPS, FTL models

• Machine Learning algorithms
→ PINN, ResNet

• Convergence guarantees
→ micro–macro limit

Reconstruction of road density

• Control variables
→ AV speed, tollgate flux constraints

• Controller design
→ optimal control, stabilization, RL

• Analytical tools
→ characteristics, fixed-point theorem

Control of road traffic

Traffic Flow on Highways

Perspectives on Road Networks

Models : real-world junctions, Germ solutions

Reconstruction : micro–macro limit and ML

Control : AV speed, flux constraints at junctions
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Chapter 2

Traffic flow models, Autonomous
Vehicles and Data Reconstruction

2.1 Impact of Autonomous Vehicles on Microscopic and Macro-
scopic Models

The advent of vehicle automation has the capability to substantially transform the management of trans-
portation systems. As disruptive technologies such as autonomous vehicles come closer to reality, the po-
tential for improved traffic control using Autonomous Vehicles (shortly AVs) as Lagrangian actuators in the
traffic flow has been highlighted experimentally [91]. In [91], the authors set up an experiment on a single-
lane ring road with more than 20 vehicles where traffic waves emerge consistently. Then, they demonstrate
experimentally that an autonomous vehicle is able to dampen stop-and-go waves [92, 93, 95] that can arise
even in the absence of geometric or lane changing triggers. These experimental findings suggest a paradigm
shift in traffic management: it is possible to have a positive impact (total fuel consumption, travel time)
from a limited number of probes using maximum flow controllers. To have a better understanding of traffic
flow behavior and to design efficient controllers that stabilize it, the development and analysis of accurate
models are essential. The modeling of vehicular traffic flow has historically evolved along two complementary
paradigms: microscopic models and macroscopic models.

Microscopic models describe traffic flow at the individual vehicle level. Each vehicle is modeled as a particle
whose dynamics are governed by a system of ODEs. Among the most studied microscopic models are the
Bando (or Optimal Velocity) - Follow The Leader Model [9, 50], for any i ∈ {1, · · · , N},

ẋi(t) = vi(t),

v̇i(t) = a vi+1(t)−vi(t)
(xi+1(t)−xi(t))2 + b [V (xi+1(t)− xi(t))− vi(t)] , (2.1.1)

where xi(t) and vi(t) are respectively the position and velocity of the i-th vehicle. This model combines an
optimal velocity part derived in [9] which represents the incentive of a driver to reach its “own” optimal
velocity depending of the space between his vehicle and the vehicle in front, and a Follow The Leader
(shortly FTL) part proposed in [50] which represents the incentive of the driver to mimic the vehicle in
front. To model the impact of an AV on a single-lane ring road with more than 20 vehicles, as considered
in the experimental study of [91], the system (2.1.1) is closed by assuming that the (N + 1)-vehicle is the
autonomous vehicle, which acts as the leader and also coincides with the first vehicle.

ẋN+1(t) = vN+1,
v̇N+1(t) = u(t),
vN+1 = v1,
xN+1 = x1

(2.1.2)
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This model has been shown to accurately reproduce stop and go waves for a ring-road in [36, 41], both
theoretically and numerically. In traffic flow applications, a natural question is : can we find a feedback
controller that steers the system to a steady-state in speed, with all cars moving at same speed v̄ = V (d)
where d ≤ L/N and for any i ∈ {1, · · · , N}, d = xi+1 − xi?
For any arbitrary large ring road L and for any arbitrary large number of cars N , the authors in [58] prove
that the system (2.1.1) with the feedback controller u(t) = k(v̄ − vN+1) and k < 0 is locally exponentially
stable around any steady state v̄. The design of the controller u relies on the structure of the ring road,
particularly its length L.

While microscopic models provide detailed insights into individual behaviors, they become computationally
costly as the number of vehicles increases. This motivates the use of macroscopic models, which describe the
evolution of aggregate quantities such as vehicle density ρ(t, x) and flow f(ρ). These models are formulated as
Partial Differential Equations (PDEs) and are inspired by fluid dynamics. The classical macroscopic model is
the Lighthill-Whitham-Richards (LWR) model, introduced independently by Lighthill and Whitham (1955)
and Richards (1956), which uses the conservation law:

∂tρ(t, x) + ∂xf(ρ(t, x)) = 0, (t, x) ∈ R∗+ × R (2.1.3)

with f(ρ) = ρv(ρ), where v(ρ) is a decreasing function of ρ to capture traffic congestion. This first-order
model is capable of describing shock waves and the formation of traffic jams. Both theoretically and nu-
merically, this family of equations is rather peculiar among all PDEs since one can show that for many
smooth initial data ρ0, the solution develops discontinuities in finite time, see Figure 2.1. As a consequence,
the global (in time) existence of classical solutions fails. Considering weak solutions is quite natural, i.e for
(t, x) ∈ (0,+∞)× R, i.e for all ϕ ∈ C1

c (R2,R),∫
R+

∫
R
(ρ∂tϕ+ f(ρ)∂xϕ)dxdt+

∫
R
ρ0(x)ϕ(0, x)dx = 0,

but uniqueness is lost and one finds some of those weak solutions to be wildly physically irrelevant to
underlying physical situations, see Figure 2.2. Selection criteria for ”admissible” weak solutions inspired by
physics often bear the name of entropy solutions (see Kruzhkov [65]), i.e ∀k ∈ R, ∀ϕ ∈ C1

c (R2,R+),∫
R+

∫
R
(|ρ− k|∂tϕ+ sgn(ρ− k)(f(ρ)− f(k))∂xϕ)dxdt+

∫
R
|ρ0 − k|ϕ(0, x)dx ≥ 0.

x

ρ(t, ·)

x

ρ(t, ·)

x

ρ(t, ·)

t = 0 t = 0.5 t = 1

Figure 2.1 – Creation of a discontinuity (called shock) in finite time when f is a concave function

However, to model the impact of AVs on the traffic flow, another weak solution is selected using a coupled
PDE-ODE and a point limitation of the flux created by autonomous vehicles [39], see Figure 2.3.

∂tρ(t, x) + ∂x(f(ρ(t, x))) = 0, (t, x) ∈ R+ × R, (2.1.4a)
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x

ρ(t, ·)

x

ρ(t, ·)

x

ρ(t, ·)

t = 0 t = 0.5 t = 1

Weak solution 1 : moving of a discontinuity

x

ρ(t, ·)

x

ρ(t, ·)

x

ρ(t, ·)

t = 0 t = 0.5 t = 1

Weak (entropy) solution 2 : dissipation of a discontinuity

Figure 2.2 – Non-uniqueness of weak solutions for conservation laws when f is a concave function

ρ(0, x) = ρ0(x), x ∈ R, (2.1.4b)

f(ρ(t, y(t)))− ẏ(t)ρ(t, y(t)) ≤ Fα(ẏ) := α max
ρ∈[0,ρmax]

(f(ρ)− ẏρ), t ∈ R+, (2.1.4c)

ẏ(t) = min(Vb, v(ρ(t, y(t)+))), t ∈ R+, (2.1.4d)

y(0) = y0. (2.1.4e)

The ODE (2.1.4d) with (2.1.4e) describes the trajectory of the AV starting at (t, x) = (0, y0): the AV moves
at its maximum speed Vb ∈ (0, Vmax) as long as the downstream traffic moves faster, otherwise it has to
adapt its velocity accordingly to the traffic density in front. The AV is regarded as a slow moving vehicle,
see Figure 2.3. It acts on the evolution of vehicular traffic through the moving constraint (2.1.4c). The left
side of (2.1.4c) represents the flux of cars at the position of the AV in the AV reference frame. The quantity
Fα(ẏ) := αmaxρ∈[0,ρmax](f(ρ) − ẏρ) in the right side of (2.1.4c) stands for the reduced maximum flow due
to the presence of the AV.

Figure 2.3 – Impact of an AV, regarded as a slow moving vehicle, on the traffic flow

To prove existence of solutions for (2.1.4), a standard method is to construct approximate solutions (ρn, yn)
of (2.1.4) using wave-front tracking algorithms proposed by Dafermos [37]. Due to the presence of the AV, a
”non-classical” wave-front can be generated that violates the Lax entropy condition. Thus, a careful analysis
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has to be done to prove convergence of the approximate solutions. In [39], the authors proved the existence of
(ρ, y) that satisfies (2.1.4a), (2.1.4b) and (2.1.4c). In [72, 73], we managed to prove existence and uniqueness
of (2.1.4), see more details in Section 3.1.

However, the LWR model has limitations, especially in capturing the heterogeneity of driver behavior and
second-order phenomena such as stop-and-go waves. To address this, second-order models have been de-
veloped, the most prominent being the Aw-Rascle-Zhang (ARZ) model [7, 96] and its generalization the
Generalized Aw-Rascle-Zhang (GARZ) model [44]. The ARZ second-order model consists of two hyperbolic
equations formulated to enforce the conservation of mass and momentum. A notable feature of this model
is its ability to incorporate diverse velocity-density relationships corresponding to different driver behaviors.
However, a key limitation arises from the fact that these heterogeneous driver profiles lead to vastly different
densities at which traffic flow stagnates. To address this issue, the Generalized Aw-Rascle-Zhang (GARZ)
model introduces a more flexible framework. It establishes a general functional relationship between traffic
density and the velocity on an empty road. Unlike the classical ARZ model, the GARZ formulation allows
all drivers to have a unique maximum density at which they stop. The GARZ model takes the form of

∂tρ(t, x) + ∂x (ρ(t, x)V (ρ(t, x), w(t, x))) = 0, (t, x) ∈ R+ × R, (2.1.5a)

∂t(ρ(t, x)w(t, x)) + ∂x (ρ(t, x)w(t, x)V (ρ(t, x), w(t, x))) = 0, (t, x) ∈ R+ × R, (2.1.5b)

ρ(0, x) = ρ0(x), x ∈ R, (2.1.5c)

w(0, x) = w0(x), x ∈ R, (2.1.5d)

where w ∈ [wmin, wmax] is a particular feature of each driver and V (ρ, w) is the speed of cars. To model the
impact of AVs on the traffic flow modeled by Generalized Aw-Rascle-Zhang (GARZ) model, in [57] we add
the following constraints to (2.1.5)

ρ (t, y(t)) (V (ρ(t, y(t)), w(t, y(t)))− ẏ(t)) ≤ Fα(ẏ(t)), t ∈ R+, (2.1.6a)

ẏ(t) = min (Vb, V (ρ(t, y(t)+), w(t, y(t)+))) t ∈ R+, (2.1.6b)

ẏ(0) = y0 (2.1.6c)

where Fα(ẏ) = αmaxρ∈[0,ρmax] ρ(V (ρ, wmin) − ẏ) and Vb < wmin. It means that any driver can be slowed
down by the AV. The ODE (2.1.6b) influences the PDE (2.1.5a) through the moving constraint on the flux
(2.1.6a). The definition of solutions requires special entropy condition that selects non-classical shocks and
allows for vacuum waves and a careful analysis has to be made to understand the interaction between non-
classical shocks generated by AV and first and second family waves associated to (2.1.5). In [57], we prove
existence of solutions to (2.1.5) and (2.1.6), see more details in Section 3.1.

2.2 Macroscopic state reconstruction from microscopic observa-
tion

In Section 2.1, we have considered macroscopic models that capture the influence of autonomous vehicles
on traffic flow. Our main objective is to design feedback controllers that regulate the velocity of AVs to
positively influence overall traffic dynamics. These controllers are functions of macroscopic quantities, in
particular the traffic density ρ. However, in practical scenarios, the available data typically consist of mi-
croscopic information, such as individual vehicle positions obtained from GPS and the data collected are
limited. Therefore, to enable effective and robust traffic control, it is essential to perform accurate state
reconstruction of the macroscopic variables from the available microscopic observations.

In [10, 11], the authors considered the problem of traffic density reconstruction using measurements from a
small number of probe vehicles. These vehicles, governed by an ODE analogous to (2.2.1) and traffic density
modeled by a PDE as (1.1.1), are supposed to be partially unknown and subjected to noisy measurements.
They used machine learning techniques that provide a flexible framework for extracting patterns from data
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and building predictive models to reconstruct the state. More precisely, they implement a Physics-Informed
Neural Network (PINN), a class of neural networks trained not only on data but also by enforcing the LWR
model through PDE-derived Lagrangian terms in their optimization problem. However, the reconstruction
techniques in [10, 11] suffer from a lack of theoretical convergence guarantees, i.e to prove that the recon-
structed density converges to a weak-entropy solution of (1.1.1). Moreover, they need a large amount of
measurements; the position of cars at any time and the local density around each car at any time. In [63],
the authors also adopted a Physical Informed Neural Network (PINN) strategy but they used instead density
and flow measurements from synthetic data computed at fixed spatial locations. They illustrated that accu-
racy of their traffic state estimation improves when the number of locations increases. In [90], the authors
designed a Physics-Informed Deep Learning (PIDL) method that integrates machine learning to learn the
Fundamental Diagram (FD) mapping from traffic density to flow or velocity. In [59], the authors conducted
the Mobile Century field experiment where they studied the feasibility of using GPS-enabled mobile phones
as a cost-effective traffic monitoring system. The system collected continuous trajectory data, with position
and velocity updates recorded every three seconds. This extensive data collection ensured sufficient infor-
mation for traffic monitoring. Their results suggested that a 2− 3% penetration of GPS-equipped phones in
the driver population could provide accurate measurements of traffic flow velocity.

In contrast, in [8], we require less information than [10, 11, 59, 63, 90] as it only assumes the knowledge of
initial and final positions of the probe vehicles. More precisely, we propose an efficient method for recon-
structing traffic density with low penetration rate of probe vehicles. Specifically, we rely on measuring only
the initial and final positions of a small number of cars which are generated using microscopic dynamical
systems. We then implement a machine learning algorithm from scratch to reconstruct the approximate
traffic density. Then, we get theoretical guarantees for traffic state reconstruction using the passage to the
limit from microscopic to macroscopic models, see more details in Section 3.2.

This analysis naturally relies on the relationship between microscopic and macroscopic descriptions, which is
rigorously established through many-particle limits. In particular, the convergence of the microscopic FTL
model (2.2.1) to the LWR model (1.1.1) has been proven in [42, 62]. More precisely, the FTL microscopic
model consists of dynamical system

ẋNN (t) = vmax, t > 0,

ẋNi (t) = v

(
L

N(xNi+1(t)−xNi (t))

)
, t > 0,

xNi (0) = x̄i, i = 0, . . . , N,

(2.2.1)

where xNi (·) is the position of each vehicle, L is the cumulative length of the vehicles and v is the
aveerage speed of drivers. In [42], the authors established well-posedness of system (2.2.1) under the
condition that the initial positions satisfy x̄0 < x̄1 < · · · < x̄N−1 < x̄N . Moreover, they prove

that the empirical measure ρN (t) = L
N

∑N−1
i=0 δxNi (t) (respectively the discretised density ρ̂N (t, x) =∑N−1

i=0
L

N(xNi+1(t)−xNi (t))
χ[xi(t),xi+1(t)[), obtained from the Follow-The-Leader system, converges in the 1-

Wasserstein topology (respectively in L1
loc) to the unique weak-entropy solution of the LWR model (1.1.1).

The convergence of the empirical measure is obtained using Wasserstein distance and a generalization of the
Aubin-Lions Lemma.

We will now present the articles [48, 57, 72, 73] that deals with existence of solutions of PDE-ODE modeling
the impact of AVs on road traffic, see Section 3.1 and the articles [8, 75, 76] that explains how we can improve
state reconstruction using only sparse data.
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Chapter 3

Main Contributions

3.1 Existence of Solutions for coupled PDE-ODE Models

To prove existence of solutions for (2.1.4), we will construct an approximate solution (ρn, yn) of (2.1.4) using
a wave-front tracking algorithm proposed by Dafermos [37]. As explained in Section 2.1, we must account
for new ”non-classical” shocks generated by the AV. We first explain what is a standard Riemann problem
for a strictly concave flux function f ∈ C2([0, ρmax]) and then explain how the wave-front tracking algorithm
can be adapted to incorporate this new non-classical shock.

We consider the LWR model with Riemann type initial data

ρ0(x) =

{
ρL if x < 0,
ρR if x > 0.

If ρL < ρR then a shock is generated at (0, 0) with Rankine-Hugoniot speed and if ρL > ρR then a rarefaction
wave is generated, see Figure 3.1. The wave-front tracking method is described as follows. The initial density

x

t

0

ρRρL

x = f(ρL)−f(ρR)
ρL−ρR t

ρ

f(ρ)

0 ρL ρR

A shock wave ρL < ρR

ρ

f(ρ)

0 ρR ρL

f ′(ρR) f ′(ρL)

x

t

0

ρRρL

x = f ′(ρR)tx = f ′(ρL)t

(f ′)−1(xt )(f ′)−1(xt )

a rarefaction wave ρL > ρR

Figure 3.1 – Standard Riemann solution with a C2 strictly concave flux function

ρ0 is approximated by piecewise constant functions ρn0 and we solve a Riemann problem at each jump (or
discontinuity). When a rarefaction wave is generated (ρL < ρR), we split it into centered rarefaction fan
(a sequence of non-classical shocks) travelling with speed given by Rankine-Hugoniot condition. Then, we
piece solutions together and we construct a solution ρn until two waves meet at time t1. We define yn to be
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the solution of {
ẏ(t) = min(Vd, v(ρn(t, y(t)+))), t ∈ [0, t1),
y(0) = y0,

(3.1.1)

where ρn(t, ·) is the wave-front tracking approximate solution at time t as described above with initial data
ρn0 , see also [49, Section 2.6]. From the standard Riemann solver R for the LWR model, we construct the
constrained Riemann solver Rα : [0, ρmax]2 7→ L1

loc(R; [0, ρmax]) for (2.1.4) as follows.

Case 1. If f(R(ρL, ρR)(Vd)) > Fα(Vd) + VdR(ρL, ρR)(Vd), then

Rα(ρL, ρR)(x/t) =

{
R(ρL, ρ̂α(Vd))(x/t) if x < Vdt,
R(ρ̌α(Vd), ρR)(x/t) if x ≥ Vdt, and y(t) = Vdt.

Case 2. If VdR(ρL, ρR)(Vd) ≤ f(R(ρL, ρR)(Vd)) ≤ Fα(Vd) + VdR(ρL, ρR)(Vd), then

Rα(ρL, ρR) = R(ρL, ρR) and y(t) = Vdt.

Case 3. If f(R(ρL, ρR)(Vd)) < VdR(ρL, ρR)(Vd), then

Rα(ρL, ρR) = R(ρL, ρR) and y(t) = v(ρR)t.

where ρ̌α(Vd) and ρ̂α(Vd) are the two solutions of f(ρ) = Fα(Vd) with ρ̌α(Vd) < ρ̂α(Vd). An illustration is
given in Figure 3.2. We now solve the constrained Riemann problem at the position of the autonomous

ρ

Fα(Vd)

ρ̌α(Vd) ρ̂α(Vd)

Fα(Vd) + Vdρ

Vdρ

ρmax

f(ρ)

Figure 3.2 – Illustration o the constrained Riemann solver when f(ρ) = ρ(1− ρ) for any ρ ∈ [0, ρmax].

vehicle, leading to three possible outcomes. Case 1 illustrates the generation of a non classical-shock
(ρ̂α(Vd), ρ̌α(Vd)), Case 2 corresponds to the AV traveling at speed Vd without influencing the surround-
ing traffic flow and Case 3 shows an AV that adapts its speed to the traffic flow ahead and follows it, see
Figure 3.3. This leads to the construction of an approximate solution (ρn, yn) of (2.1.4). The main diffi-
culty is the presence of possible non-classical shocks generated when the AV slows down and the traffic flow
around is high enough. In that case, the shock waves does not satisfies the Lax entropy condition, that is
f ′(ρR) < s < f ′(ρL) where s stands for the speed of the shock wave, connecting a left state ρL to a right
state ρR. Thus, the standard theory for conservations laws cannot be applied directly and we should describe
all possible interactions we can have between shocks, rarefaction shocks and non-classical shocks. To prove
the convergence of (ρn, yn) to (ρ, y), we follow the same arguments as in [39]. For a.e t ∈ R+, we define the
Total Variation functional

Γ(t) = Γ(ρn(t, ·)) = TV (ρn(t, ·)) + γ(t), (3.1.2)

where γ is given by

γ(t) =

{
−2|ρ̂α(Vd)− ρ̌α(Vd)| if ρn(t, yn(t)−) = ρ̂α(Vd) and ρn(t, yn(t)+) = ρ̌α(Vd),
0 otherwise.
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ρ

Fα(Vd)

ρ̌α(Vd) ρ̂α(Vd)

Fα(Vd) + Vdρ

Vdρ

ρmax

f(ρ) •

ρ̄

•

•

x

t

0

ρ̄

ρ̄

ρ̌α(Vd)

ρ̂α(Vd) ẏ = Vd

Example of solution corresponding to case 1. of the Constraint
Riemann problem for ρL = ρR = ρ̄ and ρ̌α(Vd) < ρ̄ < ρ̂α(Vd)

ρ

Fα(Vd)

ρ̌α(Vd) ρ̂α(Vd)

Fα(Vd) + Vdρ

Vdρ

ρmax

f(ρ)

•

•

ρL ρR

x

t

0

ρR

ρL

ẏ = Vd

Example of solution corresponding to case 2. of the Constraint Riemann problem for
0 < ρL < ρ̌α(Vd) and ρ̌α(Vd) < ρR < ρ∗ with ρ∗ verifying that ρVd = f(ρ).

ρ

Fα(Vd)

ρ̌α(Vd) ρ̂α(Vd)

Fα(Vd) + Vdρ

Vdρ

ρmax

f(ρ)

•

•

ρL ρR

x

t

0

ρL

ρR

ẏ = v(ρR)

Example of solution corresponding to case 3. of the Constraint Rie-
mann problem for ρ∗ < ρL < ρR with ρ∗ verifying that Vdρ = f(ρ).

Figure 3.3 – The constrained Riemann solver when f(ρ) = ρ(1− ρ) for any ρ ∈ [0, ρmax].

The term γ is added to control the behavior of TV (ρn) when a wave interacts with the autonomous vehicle
creating or canceling a non classical shock. In [39, 73], we get the following Lemma

Lemma 3.1.1. For every n ∈ N, at any interaction, the functional Γ(t) either decreases by at least
ρmax2−n−1 or remains constant and the number of waves does not increase.

From (3.1.1) and using Helly’s Theorem (see [18, Theorem 2.4]), we have, up to a subsequence, the following
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convergences
ρn → ρ, in L1

loc(R+ × R; [0, ρmax]),
yn(·)→ y(·), in L∞([0, T ]; R) for all T > 0,
ẏn(·)→ ẏ(·), in L1([0, T ]; R) for all T > 0,

for some ρ ∈ C0(R+;L1 ∩ BV (R; [0, ρmax])) and y ∈ W 1,1([0, T ]; R) ∩ C0([0, T ]; R) with Lipschitz constant
Vd. Since (ρn, yn) satisfies (2.1.4a) (2.1.4b), (2.1.4c) and (2.1.4e), it follows directly that (ρ, y) also satisfies
the same ones. It remains to prove that (ρ, y) satisfies (2.1.4d). If we were in the setting of weak-entropy
solutions, from [19, Lemma 15], we would have

lim
n→∞

ρn(t, yn(t)+) = ρ(t, y(t)+), (3.1.3)

and (ρ, y) satisfying (2.1.4d) would be a direct consequence of the construction of the approximate solution
(ρn, yn). Unfortunately, the equality (3.1.3) may fail due to the presence of non-classical shocks, see an
example in [73, Section 2.4]. Thus, by obtaining careful estimates of the approximate solution of (ρn, yn) at
(t, y(t)), see [73, Section 3.3], we get the following theorem

Theorem 3.1.1 ([73]). Let ρ0 ∈ BV (R, [0, ρmax]), then the Cauchy problem (2.1.4) admits a solution in the
sense of [73, Definition 1.1].

In [72], we prove uniqueness and continuous dependence of solutions with respect to initial data of bounded
variation when the solution is constructed using wave-front tacking method.

Theorem 3.1.2 ([72]). The solution (ρ, y) ∈ C0(R+;L1 ∩ BV (R, [0, 1]))×W 1,1(R+,R) in the sense of [72,
Definition 2.2] for the Cauchy problem (2.1.4) depends in a Lipschitz continuous way from the initial datum.
More precisely, let T > 0 and (ρ1, y1) and (ρ2, y2) two solutions of (2.1.4) constructed using wave-front
tacking algorithms with corresponding initial data (ρ1

0, y
1
0) and (ρ2

0, y
2
0), then there exists C > 0 such that

‖ρ2(t)− ρ1(t)‖L1(R) + |y2(t)− y1(t)| ≤ C(‖ρ2
0 − ρ1

0‖L1(R) + |y2
0 − y1

0 |),

for every t ∈ [0, T ]. Above, the constant C depends on Vd, TV (ρ0) and α.

The proof is based on a new backward in time method established to capture the values of the norm of
generalized tangent vectors at every time.

In [48], we extend the existence of solutions for (2.1.4) replacing Vd in (2.1.4d) by a time-dependent control
function t → u(t), see more details in Section 6.1. The main difference with (2.1.4) where the autonomous
vehicle travels at a constant speed Vd lies in the creation of non-classical shocks along the vehicle’s trajectory,
even in the absence of interactions with other waves and when the AV’s speed changes. Additionally, rarefac-
tion waves may be generated at positive time t > 0. As a consequence, it becomes essential to incorporate
these new wave interactions into the analysis. This is achieved by extending the definition of the Total
Variation functional, specifically by including the term TV (u; [t,∞]) to account for the variation generated
by these phenomena over the future time interval. This corresponds to an open-loop control strategy, where
the control input has bounded variation in time. This formulation serves as a foundational step toward
establishing more advanced control results, including feedback control strategies.

In [57], we also extend the existence of solutions for initial data with bounded variation to the second-order
GARZ model (2.1.5)–(2.1.6), under the assumption that Vd is constant. To achieve this, we introduce a new
definition of weak solutions that explicitly incorporates the selection of non-classical shocks and permits the
presence of vacuum waves. Similar to [73], approximate solutions are constructed using a wave-front tracking
method, and their limits provide solutions to the Cauchy problem for the PDE–ODE system (2.1.5)–(2.1.6).
To achieve this, we introduce a TV-type functional that compensates for interactions between the slow
vehicle trajectory and both 1-waves and 2-waves, and we provide careful estimates of the approximate
solution constructed via the wave-front tracking algorithm around the slow vehicle’s position.
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3.2 Improved State Reconstruction with Sparse Data

Initial data Identification Problem for scalar conservation laws

In this section, we observe uT , a solution of the one-dimensional Burgers equation (3.2.1) at a final time T
subjected to possible disturbances. Our goal is to fully characterize the set of initial data that generate weak-
entropy solutions of (3.2.1) which are as close as possible to uT at time T in L2(R)-norm. More precisely, in
[76], we consider the following one-dimensional Burgers equation{

∂tu(t, x) + ∂xf(u(t, x)) = 0, (t, x) ∈ R+ × R,
u(0, x) = u0(x),

(3.2.1)

where u is the state, u0 is the initial state and the flux function f is defined by f(u) = u2

2 . Kruzkov’s theory
provides existence and uniqueness of solutions of Burgers equation with initial datum u0 ∈ L∞(R). This
solution is called a weak-entropy solution, denoted by (t, x) → S+

t (u0)(x). For a given target function uT ,
we introduce the backward entropy solution (t, x)→ S−t (uT )(x) as follows : for every t ∈ [0, T ], for a.e x ∈ R

S−t (uT )(x) = S+
t (x→ uT (−x))(−x).

We introduce the following optimal control problem

inf
u0∈U0

ad

J0(u0) := ‖uT (·)− u(T, ·)‖L2(R), (OT )

where uT is a given target function and the class of admissible initial data U0
ad is defined by

U0
ad = {u0 ∈ L∞(R) / ‖u0‖L∞(R) < C et supp(u0) ⊂ K0}. (3.2.2)

where C > 0 is a constant large enough. This study is motivated by the minimization of the sonic boom
effects generated by supersonic aircrafts which are modeled by an augmented Burgers equation [3, 29].

To solve the optimization problem (OT ), some difficulties arise from a theoretical and numerical point of
view.

— Since the entropy solution u of (3.2.1) may contain shocks even if the initial datum is a smooth function,
this generates important added difficulties that have been the object of intensive study in the past, see
[16, 17, 20, 21] and the references therein. In [16, 17, 20, 21], the derivative of the cost function J0 in
(OT ) is regarded in a weak sense by requiring strong conditions on the set of initial data. This leads
to require that entropy solutions of (3.2.1) have a finite number of non-interacting jumps.

— When J0 is weakly differentiable, gradient descent methods have been implemented in [2, 26, 27] to
solve numerically the optimization problem (OT ). In the cases where it was applied successfully, only
one possible initial datum emerges, namely the backward entropy solution. This is mainly due to
the numerical viscosity that numerical schemes introduce to gain stability. To find some multiple
minimizers, the authors in [54] use a filtering step in the backward adjoint solution.

In [76], we give a full characterization of the set of minimizers for the optimization problem (OT )

Theorem 3.2.1 ([76]). Let T > 0 and uT ∈ L∞(R) such that supp(uT ) ⊂ KT . The optimal control problem
(OT ) admits multiple optimal solutions. Moreover, the initial datum u0 ∈ L∞(R) is an optimal solution of
(OT ) if and only if u0 ∈ L∞(R) satisfies S+

T (u0) = S+
T (S−T (uT )).

The full characterization of {u0 ∈ L∞(R)/S+
T (u0) = S+

T (S−T (uT ))} is given in [32, 43, 75]. We have also
implemented a wave-front tracking algorithm to construct the set of minimizers of the optimal problem (OT ).
For instance, we consider the target function uT defined by

uT (x) =

{
2 if x ∈ (−0.2, 1.1)

⋃
(2, 3.1)

⋃
(4.1, 5.3)

⋃
(6.1, 7.2),

−1 otherwise.
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uT

u∗T

Figure 3.4 – Left. Plotting of the target function uT and the backward-forward function u∗T := S+
T (S−T (uT ))

with T = 2. Right. Plotting of the backward entropy solution S−T (uT ), a minimizer of the optimal problem
(OT ).

We construct numerically four different minimizers urand,n0 of (OT ), plotted in Figure 3.5. Note that

S+
T (urand,n0 ) = S+

T (S−T (uT )).

Figure 3.5 – Plotting of four different minimizers urand,n
0 of (OT ) with uT defined in Figure 3.4 and T = 2.

State reconstruction from limited collected data

In contrast to many existing approaches as in [76], we do not assume access to prescribed initial or final
density profiles. This lack of information poses a significant challenge, since density plays a central role in
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accurately modeling and predicting traffic flow. To address this limitation, we must instead rely on more
realistic sources of information, namely the initial and final positions of limited number of probe vehicles, to
reconstruct the full traffic density. We address this optimization problem using an approach that differs from
machine leaning techniques combined with physics-informed methods. The main idea is to avoid directly
including the PDE in the learning process, since such approaches generally lack theoretical convergence guar-
antees. Instead, we rely on the well-established convergence, under suitable conditions, of the microscopic
Follow-the-Leader (FTL) model (2.2.1) to the macroscopic LWR model (1.1.1). This convergence will allow
us to ensure mass conservation without the need to explicitly enforce PDE constraints, allowing flexibility
in the reconstructed solution while preserving physical consistency. Although directly enforcing the PDE
constraints would not be computationally difficult, it would introduce a strong dependence on data. In
particular, it would require time-dependent density measurements at specific spatial locations, which are not
available in our setting, as our methodology assumes no density measurements.

To do this, we will modify the structure of the machine learning pipeline (see Figure 3.6) to get advantages
of the two standard methods for traffic state reconstruction : a labeled model-based method [40, 89] using
microscopic and macroscopic models and a data driven method [13, 60] using measurement data to derive
system properties or predict the near future. Then we get theoretical guarantees for traffic state reconstruc-
tion in the following sense. If the data set is only derived from data augmentation (data created artificially
using dynamical systems), we will prove that the traffic state reconstructed using neural networks tends to
a solution of a macroscopic system as the number of neurons and layers tends to infinity, i.e. the accuracy
score in Figure 3.6 tends to zero.

Data set
Training
data

Layers

Neurons

Neural Network architecture

Model

Test data

Macroscopic
dynamics of PDEs

Microscopic dynamics
of System of ODEs

Data

augmentation

GPS

positions

Good

accuracy

score

Macroscopic

state

reconstructed

Golden
model

Figure 3.6 – Machine learning pipeline with theoretical guarantees

In [8], the data set is only derived from data augmentation. Specifically, it is constructed by simulating N
vehicle trajectories using the Follow-the-Leader (FTL) model (2.2.1), denoted as (xi(·))i∈{1,··· ,N} over the
time interval [0, T ]. From these, a smaller subset of n+ 1 trajectories is selected, with n+ 1 < N . For each
of the selected trajectories, only the initial and final positions are saved. The resulting input/output data
structure is defined by reindexing these selected pairs as [(xi(0))i∈{0,··· ,n}, (xi(T ))i∈{0,··· ,n}] := [x̄, ȳ]. The
dynamic of the trajectory of the n+ 1 vehicles can be rewritten as the following ODE system

ẋn(t) = vmax, t ∈ (0, T ],

ẋi(t) = v
(

αNi L
N(xi+1(t)−xi(t))

)
, t ∈ (0, T ], i = 0, . . . , n− 1,

xi(0) = x̄i, i = 0, . . . , n,

(3.2.3)

where, for any i ∈ {0, · · · , n− 1}, the unknown parameter αNi ∈ R stands for the number of vehicles in the
segment [xi(·), xi+1(·)) between consecutive probe vehicles i and i + 1. Moreover, we impose the following
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condition
∑n−1
i=0 α

N
i = N . In line with standard machine learning practice, the dataset is partitioned into a

training set [x̄Train, ȳTrain] and a test set [x̄Test, ȳTest]. We introduce the following optimization problem to
reconstruct αN from the training data set

minimize
αN

1

2
‖x(T )− ȳTrain‖2 (3.2.4a)

s.t. ẋ(t) = V (WαNx(t) + bαN (t)) , t ∈ [0, T ], (3.2.4b)

x(0) = x̄Train, (3.2.4c)

where WαN is a bi-diagonal matrix chosen to ensure that (3.2.4b) and (3.2.4c) is the same ODE than
(3.2.3). In [8], we have designed a network architecture using a residual network (ResNet) approach and the
first-order discretization of the ODE (3.2.4a) to find a minimiser αN∗ of the optimization problem (3.2.4).
The learning procedure is described in Figure 3.7 where each residual block in our ResNet corresponds to a
single time step in the simulation.

NN Parameter α

Discretization step ∆t

Dynamics fα(xk, i∆t)

State xk+1 = xk + fα(xt, i∆t)∆t

Repeat for all k = i∆t

Final state x(T ) Loss Ltrain(x(T ), ȳTrain)

α← α− η∇αL

Residual Block i

Prediction

Auto-diff.

Parameter update

Forward process

Backward propagation

Figure 3.7 – Learning procedure where fα is obtained from the first-order discretization of the ODE (3.2.4a)

and Ltrain(x(T ), ȳTrain) = 1
2 ‖x(T )− ȳTrain‖2.

After the training phase, we recover the discrete vehicle densities ρN from αN∗ as follows. We have, for any
x ∈ R,

ρN (t, x) =

n−1∑
i=0

ρNi (t)χ[xi(t),xi+1(t))(x), t ∈ [0, T ], (3.2.5)

where χA is the characteristic function of the set A and for i = 0, . . . , n− 1,

ρNi (t) =

(
αN∗
)
i
L

N(xi+1(t)− xi(t))
, t ∈ [0, T ]. (3.2.6)

Then, we use the test data to validate αN∗ using the following test function Ltest(x∗(T ), ȳTest) =
1

ntest

∑ntest

j=0 |x∗j (T )− ȳj |2 where ntest + 1 is the number of test data and x∗j solves the ODE{
ẋj(t) = v

(
ρN (t, xj(t)

+)
)
, t ∈ (0, T ],

xj(0) =
(
x̄NTest

)
j

j = 0, . . . , ntest.
(3.2.7)

When the data set is only generated by dynamical systems, we prove that that approximate density ρN (0, ·)
in (3.2.5) constructed by our machine learning model converges to the initial condition ρ̄ in the LWR model
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(1.1.1) when the number of vehicles approaches infinity. To achieve this, we make the important observation
that by construction the initial traffic density must satisfy for i = 0, . . . , n− 1

x̄i+1 = sup

{
x ∈ R :

∫ x

x̄i

ρ̄(y)dy ≤ αNi L

N

}
. (3.2.8)

Indeed, although we do not have access to the truth initial car density ρ̄, we do know that initial positions
x̄i of our probe vehicles verify (3.2.8) which states that the number of unobserved vehicles between [xi, xi+1)
is given by αNi . The following result inspired from [42, Proposition 4] ensures that the discretization aligns
consistently with the true initial density when N tends to infinity.

Proposition 3.2.1. Let ρ̄ satisfy (3.2.8) and assume that

max
i=0,...,n−1

αNi = o(N). (3.2.9)

Then, the sequence (ρN (0, ·))N∈N converges to ρ̄ in the sense of the WL,1-Wasserstein distance in (3.2.10).

The Wasserstein distance is defined in [42] by

WL,1(f, g) = ‖f((−∞, ·])− g((−∞, ·)‖L1(R,R). (3.2.10)

We refer readers to [42, Section 2.3] which provides a rigorous introduction to this concept.

Numerical simulations. We consider a traffic scenario where the maximum speed of traffic is Vmax = 120
km/h and the maximum traffic density is ρmax = 200 cars/km. A time period of 0.1 corresponds to a
real-world duration of 6 minutes. One captures a traffic pattern characterized by alternating regions of
congestion and free flow. Let ρ(0, x) = 0.6ρmax + 0.3ρmax sin(2πkx) be the initial density of the overall fleet.
We have 10% of the total fleet serving as probe vehicles for training data and an additional 2.5% of the total
fleet are selected for testing purposes. Figure 3.8 A. and Figure 3.8 B. illustrate the errors obtained by both
training and testing phases of our learning procedure with different values of N and T . Precisely, during the
testing phase where N = 2000 and T = 0.1, Mean Squared Error (MSE) was calculated to be 0.0483, while
Relative Error (RE) was 0.0053. When the number of vehicles was increased to N = 4000 and the time
duration to T = 0.2, both MSE and RE decreased to 0.0076 and 0.0020 respectively. This demonstrates the
robustness of our methods even when applied to high dimensional data. Additionally, the method allows
us to reconstruct density for all times. Figure 3.8 D. compares the reconstructed discrete density with the
solution to LWR model (2.1.3), which is computed using a Godunov scheme. Figure 3.8 D. represents the
final reconstructed density and the final density obtained by solving PDE (2.1.3) for different values of N
and T . Thus, by using only 10% of the total fleet as probe vehicles, we can accurately reconstruct the traffic
density.
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NN learning using 5,000 epochs Testing using predicted density

A. Comparison between predictions and data with N = 2000

NN learning using 5,000 epochs Testing using predicted density

B. Comparison between predictions and data with N = 4000

N = 2000, T = 0.1 N = 4000, T = 0.2

C. Reconstructed final traffic density

Reconstructed density Godunov density

D. Comparison between the predicted density and Godunov scheme density with N = 4000 and T = 0.2

Figure 3.8 – Reconstruction of density using limited start and final positions of cars generated by FTL model
(2.2.1)
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Chapter 4

Perspectives for traffic flow network
modeling

4.1 Traffic flow network modeling

Another important extension of macroscopic traffic models is their application to road networks. In real-
world scenarios, traffic evolves not only along highways but also through intersections, junctions, and merges.
Modeling traffic flow on such networks requires specifying conservation laws on each road segment (edge) and
coupling conditions at the junctions (nodes). These coupling conditions must ensure mass conservation and
often involve priority rules, capacity constraints, or distribution coefficients. The formulation of entropy-
consistent coupling conditions at network nodes is a non-trivial challenge and an active area of research,
especially when shock waves interact at intersections.

We will follow the presentation of a road network given in [30, Chapter 4]. A network is a couple (I,J )
where the following conditions hold.

Cond 1. I is a finite collection of edges, which are intervals in R,

Ii = [ai, bi] ⊆ R, i = 1, . . . , N ;

Cond 2. J is a finite collection of junctions and each junction J is union of two non empty subsets Inc(J)
and Out(J) of {1, . . . , N}.

Cond 3. For every J 6= J ′ ∈ J we have

Inc(J) ∩ Inc(J ′) = ∅ and Out(J) ∩Out(J ′) = ∅.

Cond 4. If i /∈ ⋃J∈J Inc(J) then bi = +∞ and if i /∈ ⋃J∈J Out(J) then ai = −∞. Moreover, the two
cases are mutually exclusive.

Cond 1 and Cond 2 essentially asks the network to be a graph. According to the previous definition, each
junction can be identified with a n −m tuple (i1, · · · , in, in+1, · · · , im+n) where the first n-tuple indicates
the set of incoming edges and the second m-tuple indicates the set of outgoing edges. Cond 3 implies that
each edge can be incoming for at most one junction and outgoing for at most one junction. Moreover, Cond
4 implies that some edges may extend to infinity but are connected to at least one junction, see Figure 4.1.
On each edge (road), we consider the Lighthill-Whitham-Richards model for traffic

∂tρ(t, x) + ∂xf
i(ρ(t, x)) = 0, (t, x) ∈ R∗+ × Ii (4.1.1)

where for any (t, x) ∈ R∗+ × Ii, ρ(t, x) ∈ [0, ρmax] is the density of cars, vi is the average speed on the road
Ii and f i(ρ) = ρvi(ρ) is the flux. We additionally assume that ρmax = 1, the flux f i is a strictly concave C2
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Figure 4.1 – A road network

function and f i(0) = f i(1). Thus, f i has a unique point of maximum σi ∈]0, 1[.

Construction of a Riemann solver at J . We now want to define and solve Riemann problems at junc-
tions. Let J ∈ J be a junction and assume that Inc(J) = {1, · · · , n} and Out(J) = {n+ 1, · · · , n+m}, see
Figure 4.2. We look for centered solutions on each edge, which are the building blocks to construct solutions

Figure 4.2 – A junction J in a network with n entering road and m exiting road

to the Cauchy problem via a wave-front tracking algorithm. Thus on each edge, we expect a solution to
be formed by rarefactions or shocks. A Riemann solver is a map assigning a solution to each Riemann
initial data. Since we consider only centered solutions, it is sufficient to assign on each edge a constant
boundary value. A Riemann Solver for the n : m junction J is a function RSJ : Rn+m → Rn+m that asso-
ciates to every Riemann data ρ0 = (ρ1

0, · · · , ρn+m
0 ) at J a vector ρ̂ = (ρ̂1, · · · , ρ̂n+m) so that the following

holds. On each edge Ii, i ∈ {1, · · · , n + m}, the solution is given by the solution to the initial-boundary
value problem with initial data ρi0 and boundary data ρ̂i. Moreover, we assume a consistency condition
RSJ(RSJ(ρ0)) = RSJ(ρ0). The initial-boundary value problem on each edge may produce a solution which
does not attain the boundary value pointwise. So, to ensure conservation of ρ, we must ask for solutions to
the initial boundary value problems to have negative characteristic velocities on incoming edges and positive
characteristic velocities on outgoing ones. This is equivalent to ask that the Riemann problem on a real line
with initial data (ρi0, ρ̂i), i = 1, · · · , n produces only waves with negative velocities and the Riemann problem
on a real line with initial data (ρ̂i, ρ

i
0), i = n + 1, · · · , n + m produces only waves with positive velocities.

More precisely, let RSiroad be a Riemann solver on the road Ii connected to the junction J . We construct a
Riemann solver at the function J , denoted by RSJ : Rn,m → Rn,m that is compatible with RSroad as follows.
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— For any i ∈ {1 · · · , n}, RSiroad(ρi0, ρ̂i) should generate either no waves and ρi0 = ρ̂i or a negative wave
to have ρi(t, 0−) = ρ̂i for t > 0.

— For any i ∈ {n+1 · · · , n+m}, RSiroad(ρi0, ρ̂i) should generate either no waves and ρi0 = ρ̂i or a positive
wave to have ρi(t, 0+) = ρ̂i for t > 0.

If RSiroad is the entropy Riemann solver, denoted by RSentropy,i
road , we can characterize the set of all possible

(ρ̂i)i∈{1,··· ,n} as follows. For any i ∈ {1, · · · , n} (entering road Ii), we have

ρ̂i ∈
{
{z ∈ R : (f i)′(z) < 0 and f i(z) < f i(ρi0)} ∪ {ρi0} if (f i)′(ρi0) > 0,

{z ∈ R : (f i)′(z) ≤ 0} if (f i)′(ρi0)) ≤ 0.
(4.1.2)

and for i ∈ {n, · · · , n+m} (exiting road Ii), we have

ρ̂i ∈
{
{z ∈ R : (f i)′(z) > 0 and f i(z) < f i(ρi0)} ∪ {ρi0} if (f i)′(ρi0) < 0,

{z ∈ R : (f i)′(z) ≥ 0} if (f i)′(ρi0)) ≥ 0.
(4.1.3)

As a consequence, for any i ∈ {1, · · · , n}, for any j ∈ {n+ 1, · · · , n+m}

γ̂i := f i(ρ̂i) ∈ Ωi := [0, Di(ρi0)] and γ̂j := f j(ρ̂j) ∈ Ωj := [0, Sj(ρj0)] (4.1.4)

where Di and Sj are respectively the demand and the supply function introduced by J.P Lebacque and
Khoshyaran [66–68],

Di(ρ) =

{
f i(ρ) if ρ ∈ [0, σi],

f i(σ) if ρ ∈]σi, 1],
and Sj(ρ) =

{
f j(σ) if ρ ∈ [0, σj ],

f j(ρ) if ρ ∈]σj , 1],
(4.1.5)

Note that from (4.1.2), (4.1.3) and from the knowledge of γi, there exists a unique ρ̂i such that γ̂i := f i(ρ̂i).
Moreover, since the number of cars entering the junction J are the same as the number of cars exiting the
junction, we have

n∑
i=1

γ̂i =

m∑
i=n+1

γ̂i. (4.1.6)

To construct a boundary Riemann solver at the function J , we need to give additional constraints to (4.1.4)
and (4.1.6) to select a unique (γ̂1, · · · , γ̂n+m).

In [30], the authors select a unique (γ̂1, · · · , γ̂n+m) solving the following maximization problem

sup
(γ1,···γn)∈Ω

n∑
i=1

γi,

where
Ω =

{
(γ1, · · · γn) ∈ Ω1 × · · · × Ωn /A(γ1, · · · γn)T ∈ Ωn+1 × · · ·Ωn+m

}
. (4.1.7)

The set (Ωi)i=1,···n+m are defined in (4.1.4) and A is a traffic distribution matrix that describes the distri-
bution of the traffic among outgoing roads. The matrix

A =

αn+1,1 · · · αn+1,n

...
...

...
αn+m,1 · · · αn+m,n


satisfies for any i ∈ {1, · · · , n}, ∑n+m

j=n+1 αj,i = 1 and a ”restricted” technical condition (see condition
(C) in [30]). In particular, Condition (C) requires that m ≥ n. In [30], the authors proved that the
optimization problem admits a unique maximizer (γ̂1, · · · , γ̂n) and (γ̂n+1, · · · , γ̂n+m) := A(γ1, · · · γn)T ∈
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Ωn+1 × · · · ×Ωn+m. When there are n ≥ 2 incoming roads and m = 1 outgoing road, condition (C) on A in
[30] do not hold. Thus, the authors in [30] added a priority lane constraint qγ2 = (1− q)γ1 to find a unique
(γ̂1, · · · , γ̂n+m).

We can also select a unique (γ̂1, · · · , γ̂n+m) from real-world junctions when considering n : 1 junctions and
1 : m junction, see Figure 4.4. The choices of using n : 1 junctions and 1 : m junctions will be explained
later in Section 4.2.1, motivated by the use of flux interchanges. For clarity, we restrict the presentation to
the case 2 : 1 and 1 : 2. The cases n : 1 an 1 : m are easy to adapt from 2 : 1 and 1 : 2

J

1

3

2

J

2

3

1

Figure 4.3 – Illustration of 1:2 Junction and 2:1 junction

Junction 2 : 1. We need to give additional constraints to (4.1.4) and (4.1.6) in order to select a unique
(γ̂1, γ̂2, γ̂3). From (4.1.4), we have γ̂1 + γ̂2 = γ̂3.

— Junctions without spillover and with capacity-weighted allocation :

γ̂1 = min
(
D(ρ1

0), q(S(ρ3
0))
)
,

γ̂2 = min
(
D(ρ2

0), (1− q)(S(ρ3
0))
)
,

where q ∈ [0.1] is a capacity-weighted parameter.

— Junctions with spillover and capacity-weighted allocation :

γ̂1 = min
(
D(ρ1

0),max
(
S(ρ3

0)−D(ρ2
0), q(S(ρ3

0))
))
,

γ̂2 = min
(
D(ρ2

0),max
(
S(ρ3

0)−D(ρ1
0), (1− q)(S(ρ3

0))
))
,

where q ∈ [0.1] is a capacity-weighted parameter. This case corresponds to the flux maximization
described in [30, Section 5.2.2].

— Junctions with mix-spillover (crossing allowed from road 2 to road 1) and capacity-weighted allocation

γ̂1 = min
(
D(ρ1

0), q(S(ρ3
0))
)
,

γ̂2 = min
(
D(ρ2

0),max
(
S(ρ3

0)−D(ρ1
0), (1− q)(S(ρ3

0))
))
,

where q ∈ [0.1] is a capacity-weighted parameter.

— Junctions with spillover and lane priority allocation, we have

γ̂1 = min
(
D(ρ1

0), S(ρ3
0)
)
,

γ̂2 = min
(
D(ρ2

0), S(ρ3
0)− γ̂1

)
.

In a more general case, for a junction of type n : 1, we can choose any (γ1, · · · , γn, γn+1) that satifies, for
any i ∈ {1, · · · , n},

γi = min(D(ρi0), αi(S(ρn+1
0 ))) and γe =

n∑
i=1

γi =

n∑
i=1

min(D(ρi0), αi(S(ρn+1
0 ))) ≤ S(ρn+1

0 ), (4.1.8)
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where αi : [0, f imax]→ R+ is a non-decreasing continuous function that encodes ingoing rules at the junction
J .

Flux exchanger

Road 1

Road 2

Road 3

Junctions with spillover : overtaking is allowed

Flux exchanger

Road 1

Road 2

Road 3

Junctions without spillover : overtaking is prohibited

Flux exchanger

Road 1

Road 2

Road 3

Junctions with mix-spillover : crossing from road 2 to road 1 is allowed

Figure 4.4 – Different real-world junctions J2:1

Junction 1 : 2. From (4.1.4), we have γ̂1 = γ̂2 + γ̂3.

— The FIFO rules [49], i.e if an outgoing road is blocked, no flow through the junction is allowed :

γ̂1 = min
(
D(ρ1

0),
S(ρ2

0)
β ,

S(ρ3
0)

(1−β)

)
,

γ̂2 = βγ̂1,

γ̂3 = (1− β)γ̂1.

— Junction J without spillover [61, 67] :

γ̂2 = min
(
βD(ρ1

0), S(ρ2
0)
)
,

γ̂3 = min
(
(1− β)D(ρ1

0), S(ρ3
0)
)
,

(4.1.9)

with β ∈ [0, 1].

— Junction with spillover:

γ̂2 = min
(
max(βD(ρ1

0), D(ρ1
0)− S(ρ3

0)), S(ρ2
0)
)

γ̂3 = min
(
max((1− β)D(ρ1

0), D(ρ1
0)− S(ρ2

0)), S(ρ3
0)
) (4.1.10)

with β ∈ [0, 1]. The term D(ρ1
0)− S(ρi0) could be replaced by D(ρ1

0)− γiS(ρi0) where γi ∈ [0, 1] is the
percent of drivers that want to choose road i even if it is blocked.

In a more general case, for a junction of type 1 : m, we can choose any (γ1, γ2, · · · , γ1+m) that satisfies, for
any i ∈ {2, · · · , 1 +m},

γi = min(βi(D(ρ1
0)), S(ρi0)) and γ1 =

1+m∑
i=2

γi ≤
1+m∑
i=2

min(βi(D(ρ1
0)), S(ρi0)) ≤ D(ρ1

0) (4.1.11)
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where βi : [0, f imax]→ R+ is a non-decreasing continuous function that encodes outgoing rules at the junction
J .

G-entropy solutions for Cauchy network problem. We have so far described the structure of junctions
with n ingoing roads and m outgoing roads for any n,m ∈ N∗ using Riemann solvers for the ingoing/outgoing
roads and within the junction. The structure is inspired by real-word junctions that incorporate capacity-
weighted and priority lanes allocation (with or without spillover). Using wave-front tracking algorithms, we
construct approximate solution (ρ1

p, · · · , ρn+m
p ) of the following first order macroscopic traffic flow models

for networks, see [4, 5, 79]. We now give a mathematical setting to have existence of solutions for a Cauchy
Problem using the notion of G-entropy solutions, see in [79].

Let J = 0 a n : m junction. We say that ρ = (ρi)i=1,···n+m is a G-entropy solution if ∂tρ
i(t, x) + ∂xf

i(ρi(t, x)) = 0, (t, x) ∈ R+ × Ii,
ρi(0, x) = ρi0(x), x ∈ Ii,
ρ(t, 0) ∈ G, t ∈ R+,

(4.1.12)

where the junction conditions satisfied by the trace of ρ = (ρ1, · · · , ρn+m) on {x = 0}, are encoded by a
given set G ∈ [0, 1]n+m. More precisely, for any i ∈ {1, · · · , n+m}, for any number k ∈ [0, 1] and any positive
function φ ∈ C1

c (R× (ai, bi)), we have∫ +∞

0

∫ bi

ai

|ρi(t, x)− k| ∂tφ(t, x) + sgn(ρi(t, x)− k)
(
f i(ρi(t, x))− f i(k)

)
∂xφ(t, x) dx dt

+

∫ L

0

|ρi0(x)− k|φ(0, x) dx ≥ 0, (4.1.13)

and the set G ∈ [0, 1]n+m is a germ defined by stationary solutions for associated Riemann problems on the
junction.

Definition 4.1.1 (G-Riemann problem [79]). Let ρ0 = (ρi0)i=1,··· ,n+m ∈ [0, 1]n+m, we say that ρ =
(ρi)i=1,··· ,n+m is a G-entropy solution to the G-Riemann problem with initial data ρ0, if ρi satisfies (4.1.13)
and for all i, we have  ρi(t, x) = ρi(1, xt ), (t, x) ∈ R+ × Ii,

ρi(0, x) = ρi0(x), x ∈ Ii,
ρ(t, 0) = p ∈ G, t ∈ R+,

(4.1.14)

for some p = (p1, · · · , pn+m) ∈ G. The solution is denoted by ρ = ρGρ0,p.

Definition 4.1.2 (Generalized Riemann germ [79]). A set G is called a generalized Riemann germ if for any
initial data ρ0 ∈ [0, 1]n+m, there exists a unique G-entropy solution ρGρ0,p to the G-Riemann problem (4.1.14)
with some trace p ∈ G at x = 0.

Let G ⊂ [0, 1]n+m be a generalized Riemann germ. We will consider a particular subclass of G, so-called
Kruzkov germs (or D-germ).

Definition 4.1.3 (Kruzkov germs [79]). We say that G is a Kruzkov germ if it satisfies, for any (p, p̄) ∈ G2,

Df (p, p̄) :=

n∑
i=1

qi(p
i, p̄i)−

m∑
i=n+1

qi(p
i, p̄i) ≥ 0, (4.1.15)

where qi is the entropy flux defined by, for any i ∈ {1, · · · , n+m}, qi(pi, p̄i) = sign(pi − p̄i)(f i(pi)− f i(p̄i)).

We now five an example of a Kruzkov germ on 1:2 junctions introduced in [25, Section 2.1].

30



Example. In [25, Section 2.1], the authors introduce a general family of germs on 1:2 junctions defined as
follows. The family is described by a set of parameters

Λ = {λ̄0, λ̄1, λ̄2, λ̂1, λ̂2},

satisfying the following conditions
λ̄i ∈ [0, f imax], i = 0, 1, 2,
λ̄0 = λ̄1 + λ̄2,

the map λ̂i : [0, f0
max]→ [0, f imax] is nondecreasing and continuous, i = 1, 2,

λ̂i(0) = 0, λ̂i(λ̄0) = λ̄i, i = 1, 2,

λ̂1(λ) + λ̂2(λ) = min(λ, λ̄0).

(4.1.16)

The function (λ̂i)i=1,2 stands for the distribution traffic on the 1 : 2 junction, i.e λ̂i(·) describes how the
traffic is distributed in percentages to the road i from the ingoing road 0. The germ GΛ is defined from Λ
as follows :

GΛ :=

P = (p0, p1, p2) ∈ [0, 1]3

∣∣∣∣∣∣
0 ≤ f i(pi) ≤ λ̄i, i = 0, 1, 2,
f0(p0) = f1(p1) + f2(p2),

Di(pi) ≥ λ̂i
(
D0(p0)

)
, i = 1, 2

 . (4.1.17)

Let i = 1, 2, the condition Di(pi) ≥ λ̂i
(
D0(p0)

)
means the number of vehicles per time going to road i from

the road 0 is at least λ̂i
(
D0(p0)

)
when the road k is empty or fluid. In [25, Lemma 2.14], the authors prove

that GΛ is a Kruzkov germ. For the sake of completeness, we will give a direct and intuitive proof that could
be easily adapted to the case 2:2 junction.

Proof. Let (p, p̄) ∈ G2
Λ. Without loss of generality, we assume that p̄0 < p0. From (4.1.6) and Definition

4.1.3, we have

Df (p, p̄) = q0(p0, p̄0)−∑2
i=1 q

i(pi, p̄i),

= sign(p0 − p̄0)(f0(p0)− f0(p̄0))−∑2
i=1 qi(p

i, p̄i),
=
[
1− sign(p1 − p̄1)

]
(f1(p1)− f1(p̄1)) +

[
1− sign(p2 − p̄2)

]
(f2(p2)− f2(p̄2)),

= 2
∑
k∈J(f(pk)− f(p̄k)),

where qk(pk, p̄k) := sign(pk − p̄k)(fk(pk)− fk(p̄k)) and J = {k ∈ {1, 2} /pk < p̄k}. Let k ∈ J , we have three
different cases : pk < p̄k < σk, pk < σk < p̄k and σk < pk < p̄k. Thus, we have

Df (p, p̄) = 2
∑
k∈J

pk<p̄k<σk

(fk(pk)−fk(p̄k))+2
∑
k∈J

pk<σk<p̄k

(fk(pk)−fk(p̄k))+2
∑
k∈J

σk<pk<p̄k

(fk(pk)−fk(p̄k)). (4.1.18)

We assume that σ0 ≤ p0. From (4.1.17) and the definition of the demand function, we have for any k = 1, 2,
σk ≤ pk. Moreover, for any k ∈ J , we have σk < pk < p̄k. By definition of fk, we deduce that for any k ∈ J ,
fk(pk) − fk(p̄k) ≥ 0. From (4.1.18), Df (p, p̄) ≥ 0. We now consider the case where p̄0 < p0 < σ0. In that
case, we have f0(p̄0) ≤ f0(p0).

— If card(J) = 2, from (4.1.17) and (4.1.18), we have Df (p, p̄) = 2(f1(p1)−f1(p̄1))+2(f2(p2)−f2(p̄2)) =
f0(p0)− f0(p̄0) ≥ 0.

— If card(J) = 1, without loss of generality, we assume that 1 ∈ J and we have p̄2 ≤ p2. If p̄2 ≥ σ2,
we have f2(p2) ≤ f2(p̄2) and using f0(p̄0) ≤ f0(p0) together with (4.1.17) and (4.1.18), Df (p, p̄) =
f1(p1)− f1(p̄1) ≥ f2(p̄2)− f2(p2) ≥ 0.

— If p̄2 < σ2 and p1 < σ1, from (4.1.17), we have f2(p̄2) ≥ λ̂2
(
D0(p̄0)

)
and f1(p1) ≥ λ̂1

(
D0(p0)

)
.

We argue by contradiction that f1(p̄1) ≤ λ̂1
(
D0(p̄0)

)
; assuming that f1(p̄1) > λ̂1

(
D0(p̄0)

)
. From

f2(p̄2) ≥ λ̂2
(
D0(p̄0)

)
, (4.1.16) and (4.1.17), we have

λ0 ≥ f0(p̄0) = f1(p̄1) + f2(p̄2) > λ̂1
(
D0(p̄0)

)
+ λ̂2

(
D0(p̄0)

)
= min(D0(p̄0), λ̄0),
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that leads to a contradiction using that D0(p̄0) = f0(p̄0). Thus, we have

f1(p̄1) ≤ λ̂1
(
D0(p̄0)

)
≤ λ̂1

(
D0(p0)

)
≤ D1(p1) = f1(p1).

As a consequence, from (4.1.18), Df (p, p̄) = f1(p1)− f1(p̄1) ≥ 0.

— If p̄2 < σ2 and σ1 < p1 < p̄1, we have f1(p1) ≥ f1(p̄1) and from (4.1.18), Df (p, p̄) = f1(p1) −
f1(p̄1) ≥ 0.

— If card(J) = 0, from (4.1.18), we have Df (p, p̄) = 0.

Let ρk0 ∈ BV (Ik; [0, 1]) for all k = 0, 1, 2, from [79, Theorem 2.34], there exists a unique G-entropy solution

ρ of (4.1.12) with initial data ρ0. Moreover, we have ρ ∈ Lip([0,∞);
∏2
k=0 L

1(Ik)). Moreover, the L1-
contraction property holds for (4.1.12), i.e if ρ0 and ρ̄0 are two initial data and ρ and ρ̄ are respectively their
associated G-entropy solutions, then we have for all time t > 0,∫

{t}×I
|ρ− ρ̄|(t, ·)dx ≤

∫
J

|ρ0 − ρ̄0|dx,

where I = {0} ∪2
k=0 Ik.

4.2 Open questions and perspectives

4.2.1 Road network with a flux interchange

To avoid condition (C) on the distributive matrix A (see Section 4.1), we will use a flux interchange. More
precisely, scalar macroscopic models cannot distinguish which specific vehicles entering a junction from dif-
ferent incoming roads correspond to which vehicles exiting on the outgoing roads. Thus, the junction n : m
is decomposed into an n : 1 junction followed by a 1 : m junction. Roughly speaking, the flux of the n
incoming roads passes into a flux interchange, which distributes it across the m exiting roads, see Figure
4.5. We assume that the flux of cars thought the interchange is a strictly concave C2 function fe and

1

2

3

n

n+ 2

n+ 1

n+m

Figure 4.5 – The flux of the n incoming roads passes into a flux interchange, which distributes it across the
m exiting roads.

fe(0) = fe(1). The density of cars ρe in the interchange depends on the flux entering and exiting the flux
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interchange. Let ρe0 ∈ [0, 1], we construct the Riemann solution RSJ(ρ1
0, · · · , ρn+m

0 ) at the junction J with
n entry roads and m exit roads in two steps. First we construct the Riemann solver RSJn:1

(ρ1
0, · · · , ρn0 , ρe0)

at the n : 1 junction Jn:1 and the Riemann solver RSJ1:m(ρe0, ρ
n+1
0 , · · · , ρn+m

0 ) at the 1 : m junction J1:m as
in Section 4.1. Finally, we choose a density ρe0 such that (4.1.6) holds, i.e the number of cars entering the
flux interchange is the same as the ones exiting it.

Existence of the flux interchange density ρe for n : m junction. Let us define ϕ : ρe0 →∑n
i=1 γ̂i(ρ

e
0) −∑n+m

i=n+1 γ̂i(ρ
e
0). From (4.1.8), (4.1.11) and since, for any i ∈ {1, · · · , n + m}, Si(1) = 0

and Di(0) = 0, we have, for any i ∈ {1, · · · , n}, γ̂i(1) = 0 and for any i ∈ {n + 1, · · · , n + m}, γ̂i(0) = 0.
Thus, ϕ(0) ≥ 0 and ϕ(1) ≤ 0. Since αi : [0, f imax] → R+, βi : [0, f imax] → R+ and the demand function
Di(·) are non-decreasing continuous functions and the supply function Si(·) is a non-increasing continuous
function, we deduce that ρe0 →

∑n
i=1 γ̂i(ρ

e
0) is a non-increasing continuous function and ρe0 →

∑n+m
i=1+n γ̂i(ρ

e
0)

is a non-decreasing continuous function. As a consequence, ϕ is a non-increasing continuous function. Thus,
there exists at least one ρe0 ∈ [0, 1] such that ϕ(ρe0) = 0. Moreover, if there exists an interval [a, b] such that
for any ρ ∈ [a, b], ϕ(ρ) = 0, then the value of γ̂i is constant over [a, b]. Thus, we can choose any ρe0 ∈ [a, b].
From (4.1.5), we note that Se(ρe0) and De(ρe0) depends on the flux fe through the interchange.

We now give an example of Kruzkov germ on 2:2 junction using the flux interchange. Using Section 4.1, we
introduce a general family of germs on 2:2 junctions similarly to (4.1.16) and (4.1.17) as follows (see Figure
4.6). The family is described by a set of parameters

1

2

e

3

4

Figure 4.6 – The flux of the 2 incoming roads passes into a flux interchange, which distributes it across the
2 exiting roads.

Λ = {λ̄1, λ̄2, λ̄3, λ̄4, λ̄e, λ̂1, λ̂2, λ̂3, λ̂4}
satisfying the following conditions

λ̄k ∈ [0, fkmax], k ∈ {1, 2, e, 3, 4}
λ̄1 + λ̄2 = λe = λ̄3 + λ̄4,

the map λ̂k : [0, femax]→ [0, fkmax] is nondecreasing and continuous, k ∈ {1, 2, 3, 4},
λ̂k(0) = 0, λ̂k(λ̄e) = λ̄k, k ∈ {1, 2, 3, 4},
λ̂1(λ) + λ̂2(λ) = min(λ, λ̄e) = λ̂3(λ) + λ̂4(λ).

(4.2.1)

The germ GΛ is defined from Λ as follows :

GΛ :=

P = (p1, p2, pe, p3, p4) ∈ [0, 1]5

∣∣∣∣∣∣∣∣
0 ≤ fk(pk) ≤ λ̄k, k = {1, 2, e, 3, 4}
f1(p1) + f2(p2) = fe(pe) = f3(p3) + f4(p4)

Sk(pk) ≥ λ̂k
(
Se(pe)

)
, k = 1, 2

Dk(pk) ≥ λ̂k
(
De(pe)

)
, k = 3, 4

 . (4.2.2)

Let k = 1, 2, the inequality Sk(pk) ≥ λk
(
Se(pe)

)
means that, when the kth ingoing road is congested

(σk < ρk), the number of vehicles per time going from the road k to e road is at least λk
(
Se(pe)

)
. The
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condition Dk(pk) ≥ λ̂k
(
D0(p0)

)
means that, when the road k is empty or fluid (ρk < σk), the number of

vehicles per time going to road k from the road e is at least λ̂k
(
De(pe)

)
. Adapting the proof showing that

GΛ defined in (4.1.17) for 1 : 2 junctions is a Kruzkov germ, we have GΛ defined in (4.2.2) for 2 : 2 junctions
is a Kruzkov germ, i.e for any (p, p̄) ∈ G2

Λ, Df (p, p̄) ≥ 0. From [79, Theorem 2.34], we deduce that there
exists a unique G-entropy solution ρ of (4.1.12) with G := GΛ defined in (4.2.2).

4.2.2 Open problem 1 : find physically realistic germ families and prove exis-
tence of solutions

The general family of germs on 1 : 2 junctions (4.1.17), defined in [25, Section 2.1], has certain limitations
as described below.

The general family of germs on 1 : 3 junctions G1:3
Λ defined by

G1:3
Λ :=

P = (p0, p1, p2, p3) ∈ [0, 1]4

∣∣∣∣∣∣
0 ≤ fk(pk) ≤ λ̄k, k = 0, 1, 2, 3
f(p0) = f1(p1) + f2(p2) + f3(p3)

Dk(pk) ≥ λ̂k
(
D0(p0)

)
, k = 1, 2, 3

 , (4.2.3)

is not an Krukzkov germ. More precisely, we consider the flux f : ρ → 100ρ(1 − ρ) for any road, i.e

f0 = f1 = f2 = f3 := f , the distribution traffic conditions are, for any λ ∈ [0, 25], λ̂1 = 1
4λ, λ̂2(λ) = 1

4λ and

λ̂3(λ) = 1
2λ and (λ̄0, λ̄1, λ̄2, λ̄3) = (25, 6.25, 6.25, 12.5). Let (p, p̄) ∈ [0, 1]8 defined by f(p0) = 22 and p0 < 0.5,

f(p1) = 5.5 and p1 < 0.5, f(p2) = 4 and p2 > 0.5, f(p3) = 12, 5 and p3 > 0.5 and f(p̄0) = 20 and p̄0 < 0.5,
f(p̄1) = 6, 25 and p̄1 < 0.5, f(p̄2) = 3.75 and p̄2 > 0.5, f(p̄3) = 10 and p̄3 < 0.5. We see that (p, p̄) ∈ G1:3

Λ ,
in particular we have

5.5 = f(p1) ≥ λ̂1(D(p0)) = 5.5,

6.25 = f(p̄1) ≥ λ̂1(D(p̄0)) = 5,

10 = f(p̄3) ≥ λ̂3(D(p̄0)) = 10.

Since p̄0 < p0, we have

Df (p, p̄) = q(p0, p̄0)−∑3
i=1 q(p

i, p̄i),

= sign(p0 − p̄0)(f(p0)− f(p̄0))−∑3
i=1 q(p

i, p̄i),
= 2

∑
k∈J(f(pk)− f(p̄k)),

(4.2.4)

where q(pk, p̄k) := sign(pk − p̄k)(f(pk) − f(p̄k)) and J = {k ∈ {1, 2, 3} /pk < p̄k}. From the definition of
(p, p̄), we have p̄0 < p0 < 0.5, p1 < p̄1 < 0.5, 0.5 < p2 < p̄2 and p̄3 < 0.5 < p3. From (4.2.4), we deduce that

Df (p, p̄) = 2(f(p1)− f(p̄1)) + 2(f(p2)− f(p̄2),
= 2(5.5− 6.25) + 2(4− 3.75) < 0.

The general family of germs on 1 : 2 junctions (4.1.17) has limited spillover effects. More precisely, we
consider the flux f : ρ→ 100ρ(1− ρ) for any road, i.e f0 = f1 = f2 := f , the distribution traffic conditions

are, for any λ ∈ [0, 25], λ̂1(λ) = 1
5λ, λ̂2(λ) = 4

5λ and (λ̄0, λ̄1, λ̄2, λ̄3) = (25, 5, 20). Let p = (p0, p1, p2) ∈ [0, 1]3

such that p0 ≥ 0.5 and p2 = 1, it means that the outgoing road 2 is fully congested. To have p ∈ G1:3
Λ defined

in (4.1.17), we need to impose that f(p1) ≤ λ̄1 = λ̂1(25) = 5 and f(p0) = f(p1). Thus, we cannot redirect
all the vehicles from the road 2 to the road 1. But it could be done using the description of 1 : 2 junctions
in Section 4.1. More precisely, we consider the initial data (ρ0

0, ρ
1
0, ρ

2
0) such that f(ρ0

0) = 20 and ρ0
0 > 0.5,

ρ1
0 = 0 and ρ2

0 = 1. From (4.1.10),

f(p1) = min
(
max(βD(ρ0

0), D(ρ0
0)− S(ρ2

0)), S(ρ1
0)
)

= min(max(5, 25), 25) = 25,

f(p2) = min
(
max((1− β)D(ρ0

0), D(ρ0
0)− S(ρ1

0)), S(ρ2
0)
)

= min(max(20, 0), 0) = 0,

f(p0) = f(p1) + f(p2) = 25.
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Thus, since the road 2 is fully congested, all vehicles are redirected to the road 1.

This leads to the following interesting open questions :

1. Is it possible to define a general germ G that captures realistic intersection behaviors, including spillover
effects (e.g. road markings), priority rules, traffic signals, and flow/speed-reducing features (e.g. toll-
gates, speed bump) ?

2. For any type of junction (traffic light, stop sign, roundabout, on-ramp, off-ramp, etc.), can one identify
a sub-germ GJ of G that accurately models its behavior?

3. Can we prove existence of G-entropy solutions/ GJ -entropy solutions for Cauchy network problem ?

4. Can we replace LWR equation on each branch by a second-order models as GARZ (2.1.5)?

To find a realistic family of germs on n : m junctions, rules can be introduced to specify entry priorities into
the flux exchanger or/and to redistribute traffic from a congested road n+ j to the remaining outgoing roads
(n + i)i6=j . Can we find additional rules that make the Germ GΛ a Kruzkov germ and use existence and
uniqueness theory for Kruzkov germs from [79]. We can also prove existence of solutions using two other
different strategies

— We can try to estimate the number of waves and interactions, and the total variation of the flux along
an approximate wave front tracking solution as in [49, Section 5.3] for 2 : 2 junctions. At first glance,
it should be the most suitable approach since the framework developed in [79] does not extend to
second-order models.

— We can try to use a system of ODEs that models the evolution of traffic flow at the microscopic level
on the network.

The following section addresses this latter point and will enable the construction of realistic germs derived
from microscopic junctions such as roundabouts and entry or exit lanes.

4.2.3 Open problem 2 : microscopic to macroscopic networks

In [42, 62], the authors prove that the microscopic model FTL (2.2.1) converge to the LWR model (1.1.1).
In [35], the authors extend the micro–macro correspondence to traffic flow on networks by introducing a
microscopic follow-the-leader model in which each vehicle follows a prescribed path through the network.
They prove that the microscopic dynamics converge to the LWR-based multi-path model [22, 23]. However,
this convergence result is only partial since the correspondence in the limit between the microscopic and
the macroscopic model is proven population by population, i.e. fixing a path p and assuming the other
paths/solutions are fixed/given. A global convergence result for all interacting paths simultaneously would
require a well-posed macroscopic limit system, which remains an open problem.

Furthermore, the microscopic formulation is based on FIFO (first-in, first-out) dynamics (a.e if the first car
on the incoming road wants to go to the congested road, it will stop. After that, all the following cars will
stop too, even if they want to turn to the other outgoing road). It also permits mild vehicle overlaps near
junctions (a.e if two cars reach a junction simultaneously from different roads and intend to take different
exits, they do not interact and experience no slowdown). This phenomenon significantly reduces the model’s
physical realism. In [25], the author rigorously derive macroscopic junction conditions for traffic flow models
governed by scalar conservation laws through a homogenization process. The study focuses on 1 : 2 and 2 : 1
junctions, where at the mesoscopic scale, vehicle dynamics are controlled by periodic traffic lights or flux
limiters. The paper introduces a general family of Kruzkov germs GΛ defined in (4.1.17) for 1:2 junctions and
they prove the convergence (homogenization) of the mesoscopic model toward a macroscopic conservation
law network with the Kruzkov germs GΛ. In [24], the authors derive a macroscopic conservation law for a
network with 2 : 1 junctions from a discrete follow-the-leader model, where the junction priority is controlled
by a time-periodic traffic light. The solution is understood in the sense of (4.1.12) where the generalized
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germ is defined as

GΛ :=

P = (p0, p1, p2) ∈ [0, ρmax]3

∣∣∣∣∣∣
0 ≤ fk(pk) ≤ θk max fk, k = 0, 1, 2,
f0(p0) = f1(p1) + f2(p2),
Sk(pk) ≥ θkS2(p2), k = 0, 1,

 , (4.2.5)

where f1 = f2 = f3 := f and θ1 := θ, θ2 = 1− θ and θ3 = 1, with θ ∈ (0, 1). These works are limited to 1:2
and 2:1 junctions, extension to larger networks remains open. Finally, as already mentioned in Section 4.2.2,
the Kruzkov germs GΛ defined (4.1.17) has limited spillover effect and they fail to incorporate rerouting
dynamics.

This leads to the following interesting open questions.

1. For each type of junctions J (stop, roundabout, on-ramp, off-ramp, with spillover, without spillover),
can we construct a system of ODEs that converge to the GJ -entropy solutions for Cauchy network
problem with n : m junctions?

2. Can we prove microscopic to macroscopic results when we replace LWR on each road by the second-
order model GARZ?

The main difficulty to extend the results in [42, 62] to macroscopic network lies in redefining the notion of
the vehicle “ahead,” since the index i+ 1 is no longer necessarily the car directly in front of vehicle. More-
over, the non-overlapping condition (the discrete maximum principle) may fail when two vehicles coming
from different incoming roads reach the junction simultaneously. At the microscopic level, the authors in
[35] select specific vehicle paths within the network, while those in [24, 25] impose time-dependent traffic
light rules to prescribe active paths over given intervals. This allows the dynamics to be described by a
follow-the-leader behavior along each path, making it possible to apply the convergence results established
in [42, 62]. To address the two open questions, the condition ρk(t, 0) = pk ∈ G will be regarded as a reduction
of the speed at the microscopic scale and we will derive LWR equations with boundary conditions from a
Follow-the-leader type ODEs.

A preliminary results consists on finding a system of ODE that converges to the flux-constrained PDE

∂tρ(t, x) + ∂x(f(ρ(t, x))) = 0, (t, x) ∈ R+ × R, (4.2.6a)

ρ(0, x) = ρ0(x), x ∈ R, (4.2.6b)

f(ρ(t, 0))) ≤ α max
ρ∈[0,ρmax]

f(ρ), t ∈ R+, (4.2.6c)

This model describes the impact of tollgates on traffic flow and can be viewed as a particular case of (2.1.4),
corresponding to a stationary autonomous vehicle (i.e, ẏ = 0).
Assuming that ρ0 ∈ BV (R) with ‖ρ0‖L1(R) = 1, ρ0 ≥ 0 and there exists a compact set K ⊂ R such that
Supp(ρ0) ⊂ K := [kmin, kmax]. We introduce the sequence (x̄ni )i=0,··· ,n such that, for every i ∈ {1, · · · , n},

x̄ni = sup
x∈R

{
x ∈ R :

∫ x

x̄ni−1

ρ0(x)dx < ln :=
1

n

}
.

Above, xn0 := sup{x0 ∈ R/ρ0(x) ≤ 0,∀x ∈ (−∞, x0]}. We introduce the following system of ODE
ẋni (t) = v( ln

xni+1−ni
)φε(x

n
i (t)), i ∈ {0, · · · , n− 1},

ẋnn(t) = vmaxφε(x
n
n(t)),

xni (0) = x̄ni , i ∈ {0, · · · , n},
(4.2.7)

with φε ∈W 2,∞(R) is a cut-off function defined by

φε(x) =

{
1, if x ∈ (−∞,−2ε) ∪ (2ε,∞),
α ∈ (0, 1), if x ∈ (−ε, ε). (4.2.8)
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We introduce the discretized density associated to (4.2.7) defined by

ρnε (t, x) =

n−1∑
i=0

ln
xni+1(t)− xni (t)

1[xni (t),xni (t))(x), (4.2.9)

with ln = 1
n and for every i ∈ {0, · · · , n}, xi(·) is solution of (4.2.7). Since φε ∈W 2,∞(R), Kruzkov’s theory

[65] applies and provide existence and uniqueness of a weak entropy solution of{
∂tρ(t, x) + ∂x(φε(x)f(ρ(t, x))) = 0,
ρ(0, x) = ρ0(x).

(4.2.10)

From [46], the discretized density ρnε defined in (4.2.9) converge as n → ∞ to ρε the entropy solution of
(4.2.10). From [31, Theorem 3.6], ρε converges in L1

loc to a function ρ as ε → 0 which is the unique weak
entropy solution of (4.2.6). Thus, we have

lim
ε→0

lim
n→∞

ρnε = ρ, in L1
loc(R+ × R),

with ρ the unique entropy solution of (4.2.6). Informally, we have constructed a system of ODEs that converge
to GJ -entropy solutions for Cauchy network problem with 1 : 1 junctions where J is a flux restriction area
(tollgates, speed bump), see more details in Section 7.1. Physically speaking, our strategy is as follows. We
consider n vehicles moving on a traffic network consisting of one incoming and one outgoing road, with the
junction located at x = 0. Within the interval (ε, ε), the vehicle speed is reduced by a factor α. We then
take the limit as the number of vehicles tends to infinity while conserving the total mass, and finally shrink
the speed-limited region to a point by letting ε → ∞. Note that this approach naturally gives rise to two
open sub-questions.

1. Can we construct a system of ODEs that converge to the coupled PDE-ODE (2.1.4), that models the
impact of autonomous vehicles on traffic flow?

2. If we modify (4.2.7) by
ẋni (t) = min(v( ln

xni+1−ni
), φε(x

n
i (t))), i ∈ {0, · · · , n− 1}

ẋnn(t) = vmaxφε(x
n
n(t))

xni (0) = x̄ni i ∈ {0, · · · , n}.
(4.2.11)

To which PDEs that system of ODEs converge?

In [45], the authors prove rigorous convergence from FTL type models to weak solutions of the ARZ system
in the many particle limit in presence of vacuum. A formal derivation of this limit can be found in [6]. To
deal with micro-to-macro traffic network governed by the GARZ on each branch, we should first extend the
results from [45] to obtain a rigorous convergence from FTL type models with to weak solutions of the ARZ
system with space dependent flux φε. When ε tends to 0, we should get the model (2.1.5) and (2.1.6), for
which the existence of solutions has been proven in [57].
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Part II

Management of Traffic flow
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Chapter 5

Control and stabilization of
conservation laws

The objective of this chapter is to design boundary or distributed controllers that steer a weak solution of
conservation law toward a desired state. In the context of vehicular traffic, one standard approach is to
control the inflow or outflow at the boundaries or to influence the system using internal control as speed
limits, ramp metering, or autonomous vehicles in order to positively influence traffic flow.

When we have candidate controllers, there are many mathematical techniques to solve stabilization problems
for regular solutions of PDE [12, 33] as control Lyapunov functions, backstepping or linearization techniques.
Unfortunately, solutions of (1.1.1) may develop discontinuities in finite time (see Figure 2.1) which makes
standard stabilization methods inapplicable. Moreover, the interpretation of the boundary condition is
delicate, as the Dirichlet condition may fail to hold pointwise a.e. in time. Hence, it is necessary to specify
the precise sense in which entropy boundary conditions are understood (see [38]). The LWR equation (1.1.1)
over [0, L] with boundary Dirichlet conditions at x = 0 and at x = L is defined as, for a.e t ≥ 0,

ρ(t, 0+) ∈ Adml(ul(t)) and ρ(t, L−) ∈ Admr(ur(t)),

where Adml(·) and Admr(·) are defined by

Adml(u) :=

{
{z ∈ R / f ′(z) ≤ 0}, if f ′(u) ≤ 0,
{z ∈ R / f ′(z) < 0 and f(z) ≤ f(u)} ∪ {u}, if f ′(u) > 0,

(5.0.1)

and

Admr(u) :=

{
{z ∈ R / f ′(z) ≥ 0}, if f ′(u) ≥ 0,
{z ∈ R / f ′(z) > 0 and f(z) ≤ f(u)} ∪ {u}, if f ′(u) < 0.

(5.0.2)

The function ul and ur above are the boundary controllers acting respectively at x = 0 and at x = L. For
instance, if the road is blocked over [0,+∞) (ρ0 = 1 and ur = 1), the weak-entropy solution (1.1.1) with
boundary conditions (5.0.1) and (5.0.2) is ρ(t, x) = 1 for any (t, x) ∈ R+ × [0, L] whatever the controller
ul(·) chosen. As a consequence, the controller may be inactive. Moreover, due to the finite propagation, the
controller acts on solutions of conservation laws with delay. The presence of discontinuities, switching, and
delay phenomena makes obtaining stabilization results challenging. Thus, very few articles [15, 34, 82, 83, 94]
study them in the framework of weak-entropy solutions. In [15] the authors consider solutions with a finite
number of shocks to find the derivative of a Lyapunov function candidate. In [94], the authors assume
that the solutions is only determined by the boundaries, i.e the controllers are active all the time and they
use the Hamilton-Jacobi formulation. In [83], a saturated proportional controller is provided to stabilize
asymptotically the weak-entropy solution of LWR around a stationary shocks using the notion of generalized
characteristics.

We now present the article [74], which shows that controlling the speed of autonomous vehicles can have a
positive impact on traffic flow by reducing total fuel consumption. In [71] (see Section 6.2), we extend the
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work of [83] to stabilize (1.1.1) for G-solutions using more robust feedback controllers, namely controllers
that exhibit improved performance in the presence of unknown disturbances, such as sliding mode controllers
(SMC).
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Chapter 6

Main Contributions

6.1 Positive impact of Autonomous Vehicles on traffic flow

At the macroscopic level, the recent articles [28, 74, 84] have numerically attempted to control the trajectory
of autonomous vehicles to have a positive impact (fuel consumption reduction, traffic jam dissipation) on
the traffic flow using as model the coupled PDE-ODE (2.1.4), see [72, 73]. In [84], the authors use a model
predictive control (MPC) approach to achieve a reduction in fuel consumption in congested traffic. In [28],
the authors dissipate a traffic jam via the use of controlled autonomous vehicles. The evolution of traffic
flow is modeled by a cell transmission model (CTM) that is consistent with the discretization of PDE traffic
model (1.1.1) using Godunov scheme. They show numerically that a single autonomous vehicle can reduce
the overall average travel time in traffic by applying an explicit speed-feedback controller.

In [74], the impact of N ∈ N∗ autonomous vehicles (AVs) on traffic flow is modeled by

∂tρ(t, x) + ∂x(f(ρ(t, x))) = 0, (t, x) ∈ R+ × R, (6.1.1a)

ρ(0, x) = ρ0(x), x ∈ R, (6.1.1b)

f (ρ (t, yi(t)))− ẏi(t)ρ (t, yi(t)) ≤ Fα (ẏi(t)) , t ∈ R+, i = 1, · · · , N (6.1.1c)

ẏi(t) = min{Vi(t), v(ρ(t, yi(t)+))}, t ∈ R+, i = 1, · · · , N (6.1.1d)

yi(0) = y0
i , i = 1, · · · , N. (6.1.1e)

The function t → Vi(t) is the control function that assigns the speed to the ith AV. The equality (6.1.1d)
means that the ith AV drives at its maximum desired speed Vi except when the traffic in front is too dense.
In that case, the autonomous vehicle has to reduce its velocity accordingly. For any i ∈ {1, · · · , N}, the
flux constraint in (6.1.1c) describes the influence of the ith AV on the evolution of traffic. The function Fα,
α ∈ (0, 1) stands for the maximal road capacity reduction due to the presence of the ith autonomous vehicle,
that acts as a moving bottleneck which imposes unilateral constraint at the AV position.

Existence of solutions when N = 1. When the maximum speed of the AV is constant in time, the
existence and the stability of solutions for (6.1.1) with N = 1 has been proven in [39, 72, 73] (see Section
3.1). When the maximum speed of the AV depends on time, the existence of solutions for (6.1.1) has been
proven in [48]. More precisely, the proof follows the same structure as those presented in Section 3.1. We
construct approximate solutions using wave-front tracking and then pass to the limit by means of compact-
ness estimates and Helly’s compactness theorem. The main difference with respect to [73] lies in the fact
that discontinuous waves may be generated at times t > 0 when the AV’s speed is adjusted (see Figure
6.1). As a consequence, we need to introduce an additional term in the Total Variation functional defined in
(3.1.2) in order to control the behavior of TV (ρn) when a wave is generated by the jump in the AV’s speed.

Γ(t) = Γ(ρn(t, ·), V n) := TV (ρn(t, ·)) + 2R+ γ(t) +
6

β
TV (V n(·); [t,+∞[) , (6.1.2)
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where γ is given by

γ(t) :=

{
−2 (ρ̂(V n(t))− ρ̌(V n(t))) if ρn(t, yn(t)−) = ρ̂(V n(t)), ρn(t, yn(t)+) = ρ̌(V n(t)),

0 otherwise.

where V n is a sequence of piecewise constant functions that converges to V in L1 as n→∞ and TV (V n) ≤
TV (V ) for any n ∈ N . Thanks to Proposition 3.1 and Corollary 3.1 in [48], we have

TV (ρn(t, ·)) ≤ Γ(t) ≤ Γ(0) ≤ TV (ρ0) + 2R+ TV (V ).

Thus, using Ascoli Theorem, we deduce that, up to a subsequence, (ρn, yn) converges to a solution of (6.1.1)
when N = 1 as n→∞.

t = t̄

min(V −, v(ρ))

min(V +, v(ρ))

t = t̄

min(V−, v(ρ))

V +ρ ρ

ρ̌(V +)ρ̂(V +)

No waves created. A non-classical shock created

t = t̄

ρ̌(V−)

V −

min(V+, v(ρ̌(V −)))

ρ̂(V −)

t = t̄

min(V −, v(ρ))

min(V +, v(ρ))

A rarefaction wave created No waves created

Figure 6.1 – Speed jump from V− to V+

Existence of solutions when N > 1. To get existence of solutions for the coupled PDE-ODEs (6.1.1),
we impose additional conditions on (Vi)i∈{1,··· ,N}, i.e an autonomous vehicle must never catch up to the AV
ahead of it. Mathematically speaking, it means two non-classical shocks cannot interact.

Assumption. Let ε > 0 and introduce the class of admissible maximal speed VεN ⊂ BV (R+; [0, Vmax])
N

.
The sequence (Vi)i∈{1,··· ,N} ∈ VεN if, for every t ≥ 0 and for every i ∈ {1, · · · , N − 1},

yi(t)− ε < yi+1(t),

with yi is solution of (6.1.1d). Note that the set VεN depends on the initial density ρ0 and the initial position
of the N autonomous vehicles (y0

i )i∈{0,··· ,N}. Under assumption on Vε, the proof of existence of solutions
for N = 1 given in [48] can be adapted without difficulty.

Theorem 6.1.1 ([74]). Let ε > 0, N ∈ N\{0} and let us assume that ρ0 ∈ BV (R, [0, ρmax]), (y0
i )i=1,··· ,N ∈

RN and (Vi)i∈{1,··· ,N} ∈ VεN . Then, the Cauchy problem (6.1.1) admits a solution in the sense of Definition
3.1 in [48].
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The objective of the optimization is to drive the AVs in such a way that they minimizes the fuel consumption
of the entire traffic flow, i.e. the total fuel consumption of all vehicles. Therefore, the control functions are
the maximum speed of AVs, denoted by V1, · · · , VN . This leads to the optimal control problem described
in [74], stated as follows. Let ε > 0, Tf > 0, C > 0 and x1, x2 ∈ R such that x1 < x2. Fix ρ0 ∈(
L1 ∩BV

)
(R; [0, ρmax]) and for every i ∈ {1, · · · , N}, y0

i ∈ R. Find the minimizer V opt = (V opt
1 , · · · , V opt

N ) ∈
VεN that solves the following optimization problem

inf
(Vi)i=1,··· ,N∈VεN
‖Vi‖BV ≤C

TFC(V ) :=

∫ Tf

0

∫ x2

x1

ρ(t, x)K(v(ρ(t, x)))dtdx, (6.1.3)

where (ρ, y1, · · · , yN ) is the solution of (6.1.1) associated to (ρ0, y
0
1 , · · · , y0

N ). Above, K is the fuel rate in
liters per hour (`/h) as a function of the speed v in kilometers per hour (km/h), obtained in [85] using the
fuel consumption rates of four different commercially available vehicles. The functional TFC represents the
Total Fuel Consumption computed on a highway section of length x2 − x1 km during Tf hours. In [74,
Theorem 3.3], the existence of at least one optimal solution is proved using minimizing sequences and prop-
erties of the approximate density ρn and AV positions (yn1 , · · · , ynN ) constructed using wave-front tracking
algorithms.

Numerical Simulations. We now present numerical examples to demonstrate how AVs can be used as moving
bottlenecks to control the flow of traffic and optimize the fuel consumption of not only the individual AVs,
but also the entire traffic flow. The optimal trajectory of each AV consists of a finite series of speeds to drive
at for a corresponding time interval. This is based on the predicted traffic state and position of each AV as
solved using the coupled ODE-PDE system. The optimization problem (6.1.3) is solved using the genetic al-
gorithm as implemented in the Matlab Global Optimization Toolbox (ga()) while the solution (ρ, y1, · · · , yN )
of (6.1.1) is solved using the wave-front tracking algorithm. The choice of genetic algorithm is motivated by

the fact that the cost function TFC is not differentiable with respect to V ∈ BV (R+; [0, Vmax])
N

(see [74,
Lemma 3.4]) and by the desire to investigate whether AVs can have a positive impact by creating controlled
bottlenecks.

Scenario 1 : Optimal constant speeds of multiple AVs over one hour. For any piecewise constant initial data
ρ0, we numerically solve the optimal control problem (6.1.3) considering three different cases.

1. When each AV drives at maximum speed Vmax over the duration of the numerical experiment and the
AVs don’t influence the traffic flow.

2. When only one AV is used, i.e. N = 1 in (6.1.3), we choose y0
1 = 25 and we denote the approximate

optimal solution of (6.1.3) as V opt
1 (ρ0).

3. When two AVs are used, i.e., N = 2 in (6.1.3), we choose [y0
1 , y

0
2 ] = [25, 35] and we denote the

approximate optimal solution of (6.1.3) as (V opt
1 (ρ0), V opt

2 (ρ0)).

The values of TFC(Vmax), TFC(V opt
1 (ρ0)), and TFC(V opt

1 (ρ0), V opt
2 (ρ0)) are plotted with respect to the

initial data ρ0 in Figure 6.2. As shown in the figure, three distinct optimal driving strategies arise:

1. When the initial density ρ0 is low (ρ0 ∈ (0, 87) for one AV and ρ0 ∈ (0, 199) for two AVs), the use of a
moving bottleneck is needed to optimize (reduce) the total fuel consumption.

2. When the initial density ρ0 is moderate (ρ0 ∈ (87, 326) for one AV and ρ0 ∈ (199, 326) for two AVs),
the optimal speed of the moving bottleneck is 0 km/h, and thus a fixed bottleneck produces the optimal
fuel consumption results when optimizing (6.1.3).

3. When the initial density ρ0 is high (ρ0 ∈ (326, 400) for one and two AVs), the density is too great
and the AV is unable to control the traffic flow. Mathematically speaking, the constraint (6.1.1c) is
inactive.

Note that when more AVs are deployed on the road to actively control the flow of traffic and optimize the
fuel consumption of the entire fleet, the range of initial densities where a moving bottleneck is needed to
optimize the fuel consumption increases.
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Figure 6.2 – Plotting of TFC(Vmax)(· · · ), TFC(V opt
1 (ρ0))(−) and TFC(V opt

1 (ρ0), V opt
2 (ρ0))(−−) with re-

spect to the initial data ρ0.

Scenario 2 : Multiple optimal speeds of multiple AVs over one hour. In this scenario, the initial traffic state
is

ρ0(x) =


0, if x < −35,
121, if 35 < x < 0,
80, if 0 < x < 50,
371, if 50.

Moreover, each AV changes its speed six times in the one-hour numerical experiment. As seen in Figure 6.3,
if the AV drives at the maximum possible velocity at all times, the AV encounters the leading edge of the
shock wave after roughly 0.2 hours. This results in a total fuel consumption of 17740 ` of fuel. However,
when the AV is acting as a moving bottleneck to control the traffic and reduce the fuel consumption, it is
able to achieve a lower density gap between the wave and the AV. By using the control strategy optimized
with the genetic algorithm, the total fuel consumption for the same traffic flow is reduced to 17613 `, a
reduction of 0.72%. When two AV are acting as a moving bottleneck to control the traffic and reduce the
fuel consumption, the total fuel consumption for the same traffic flow is reduced to 17487 `, a reduction of
1.43%.
In conclusion, the use of AVs as moving bottlenecks to control traffic flow may have a positive impact on
traffic flow, in particular to reduce total fuel consumption in the presence of a traffic wave. However, these
controllers suffers from a lack of theoretical guarantee, automation and robustness. Moreover, in [28, 74, 84]
the feedback controller require the full knowledge of the density of cars over R+ × R. In the next section,
we show how to overcome these difficulties in the specific case of tollgates. More precisely, we construct
robust feedback controllers that regulate traffic flow around a stationary solution and they only rely on the
measurement of the total number of vehicles on the road.
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Figure 6.3 – Traffic density evolution showing wave-fronts under the optimal driving strategy with AVs
plotted in red.
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6.2 Stabilization of traffic flow using toll gates

In [71], we address a problem of stabilization of a scalar conservation laws with fixed flux pointwise constraints
defined as 

ρt(t, x) + ∂xf(ρ(t, x)) = 0, t ∈ R+, x ∈ R,
ρ(0, x) = ρ0(x), x ∈ R,
f(ρ(t, 0)) ≤ F1(t, ρ), t ∈ R+,
f(ρ(t, L)) ≤ F2(t, ρ), t ∈ R+.

(6.2.1)

The PDE (6.2.1) models two toll gates along highway or road lights (see [31]), see Figure 6.4.

Figure 6.4 – Control the inflow and outflow of two toll gates along highway or road lights

Our goal is to find two feedback controllers F1 and F2 that stabilizes (6.2.1) over (0, L) around the stationary
solution w, defined by

w(x) =

{
wL, if 0 ≤ x < x0,
wR, if x0 < x ≤ L, (6.2.2)

where x0 ∈ (0, L) and wL, wR ∈ (0, 1) satisfy wL < wR and f(wL) = f(wR) < f(σ) with σ =
argmaxρ∈[0,1]f(ρ).

Control design. Let g : R→ R a continuous function satisfy

g(0) = 0 and ∀x ∈ R∗, xg(x) > 0. (6.2.3)

The feedback controllers F1 and F2 have the following forms

F1(t, u) = max(min(f(wL)− g(m(t)), f(σ)− ε), 0) and F2(t, u) = f(wR) (6.2.4)

where ε > 0 is chosen such that f(σ)− f(wL)− ε > 0 and

m(t) :=

∫ L

0

(ρ(t, x)− w(x))dx. (6.2.5)

From (6.2.5), we only need to measure the number of cars at time t over [0, L], namely
∫ L

0
(ρ(t, x)dx to

regulate (6.2.1) around the target function w.

Cauchy problem. We now introduce the notion of solutions based on the admissibility germ defined in [4].
Let Π = [0,∞)× R and let φ : (ρ, k) ∈ R× R 7→ sgn(ρ− k)(f(ρ)− f(k)) denote the entropy flux associated
with the Kruzhkov entropy (ρ, k) 7→ |ρ− k| (see [65]).

Definition 1 (Admissibility germ G(F ),[4]). Let F ∈ [0, f(ρ)]. The admissibility germ G(F ) for the conser-
vation law (3.2.1) is the subset of [0, 1]2 defined as the union G(F ) = G1(F ) ∪ G2(F ) ∪ G3(F ), where

— G1(F ) := {(cl, cr) ∈ [0, 1]2; cl > cr, f(cl) = f(cr) = F},
— G2(F ) := {(c, c) ∈ [0, 1]2; f(c) ≤ F},
— G3(F ) := {(cl, cr) ∈ [0, 1]2; cl < cr, f(cl) = f(cr) ≤ F}.

G1(F ) allows non-classical shocks to occur, G2(F ) := {(c, c) ∈ [0, 1]2; f(c) ≤ F} allows rarefaction waves to
occur and G3(F ) := {(cl, cr) ∈ [0, 1]2; cl < cr, f(cl) = f(cr) ≤ F} allows entropy shock to occur.
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Definition 2 ([4]). Let ρ0 ∈ L∞(R, [0, 1]). We say that ρ ∈ L∞(Π; [0, 1]) is a G-entropy solution of (3.2.1)
if

1. ρ is a Kruzhkov entropy solution for x ∈ R\{0, L}, i.e, for all nonnegative test functions ϕ ∈
C∞c (Π\{0, L}) and all k ∈ [0, 1],∫ +∞

0

∫
R
(|ρ(t, x)− k|∂t + φ(ρ(t, x), k)∂x)ϕ(t, x)dxdt+

∫
R
|ρ0(x)− k|ϕ(0, x)dx ≥ 0; (6.2.6)

2. in addition, for a.e t > 0,

((γl0ρ)(t), (γr0ρ)(t)) ∈ G(F1) and ((γlLρ)(t), (γrLρ)(t)) ∈ G(F2). (6.2.7)

where γl,r0 and γl,rL denote the operators of left- and right-side strong traces on {x = 0} and {x = L} and F1

and F2 are defined in (6.2.4).

Theorem 6.2.1 (Existence). Let ε > 0 satisfy f(σ) − f(wL) − ε > 0. For any ρ0 ∈ L∞(R; [0, 1]), there
exists at least one G-entropy solution ρ of (3.2.1) where F1 and F2 are defined in (6.2.4).

Proof. Let T > 0. The proof of existence of G-solutions over [0, T ] is based on Schauder’s fixed point theorem.
The existence and the stability of G-solutions for (6.2.1) when the feedback controllers F1 and F2 are replaced
by open loop controllers t→ Q1(t) and t→ Q2(t) have been done in [4]. More precisely, let (ρ1, ρ2) be two
G-solutions of (6.2.1) associated respectively to (ρ1

0, Q
1
1, Q

1
2) and (ρ2

0, Q
2
1, Q

2
2), the authors in [4] prove that∫

R
|ρ1 − ρ2|(T, x)dx ≤ 2

∫ T

0

|Q1
1 −Q2

1|(t)dt+ 2

∫ T

0

|Q1
2 −Q2

2|(t)dt+

∫
R
|ρ1

0 − ρ2
0|(x)dx (6.2.8)

Let us fix T > 0. We introduce the operator F : W 1,∞([0, T ])→W 1,∞([0, T ]) defined by

∀t ∈ [0, T ], F(z)(t) :=

∫ L

0

(ρ(t, x)− w(x)) dx,

where ρ ∈ L∞([0, T ]× R; [0, 1]) is a G-entropy solution of (6.2.1) replacing respectively F1 and F2 by

Q1(t) = max(min(f(wL)− g(z(t)), f(σ)− ε), 0) and Q2(t) = f(wR).

From Schauder’s fixed point theorem [88], we prove that the operator F has at least one fixed point in
W 1,∞([0, T ]). Thus, for any T > 0, we get existence of G-solutions for (6.2.1) over [0, T ]× R.

To prove the existence of G-solutions for (6.2.1) over R+ × R, we need to carefully analyze the behavior of
G-solutions over a long time horizon. We now state the stabilization results associated to (6.2.1).

Theorem 6.2.2 (Asymptotic stability). Let ε > 0 satisfy f(σ)− f(wL)− ε > 0. Let v0 ∈ L∞([0, L]; [0, 1]),
we consider the initia data ρ0 defined by

ρ0(x; v0) =

 1, if x < 0,
v0(x), if 0 < 0 < L,
0, if L < x.

(6.2.9)

For any v0 ∈ L∞([0, L]; [0, 1]), any G-solution ρ(t, ·) of (3.2.1) with initial datum u0 converges to w(·) in
L1(0, L) as t→∞.

Corollary 1 (Exponential stability). Let ε > 0 satisfy f(σ)− f(wL)− ε > 0 and g : x 7→ K0x with K0 > 0.
For any v0 ∈ L∞([0, L]; [0, 1]), any G-solution ρ(t, ·) of (3.2.1) with initial datum ρ0 converges exponentially
to w(·) in L1(0, L) as t→∞, i.e there exists C > 0 such that for any t ≥ 0,

‖ρ(t, ·)− w(·)‖L1(0,L) ≤ Ce−K0t
(
‖ρ0(·)− w(·)‖L1(0,L) + C

)
.
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Corollary 2 (Finite time stability). Let ε > 0 satisfy f(σ) − f(wL) − ε > 0 and g satisfied (6.2.3) and
for any α ∈ R∗,

∫ α
0

dy
g(y) > −∞. For any v0 ∈ L∞([0, L]; [0, 1]), the G-solution ρ(t, ·) of (3.2.1) with initial

datum ρ0 converges in finite time to w(·) in L1(0, L), i.e there exists a time T̄ > 0 such that for any t ≥ T̄ ,
for a.e x ∈ (0, L),

ρ(t, x) = w(x).

Before proving the existence of G-solutions over R+ × R and Theorem 6.2.2, we will extend the notion of
generalized backward characteristics for G-entropy boundary conditions, see Proposition (6.2.3), [71, Propo-
sition B.1] and an illustration in Figure 6.5. Note that, since non-classical shock can appear at x = 0 and
x = L, we cannot directly apply the standard theory for weak-entropy solutions of conservation laws.

Proposition 6.2.3. Let ρ be the unique G-entropy solution of (3.2.1) and we assume that there exist c, d > 0
such that c < d and for a.e t ∈ [c, d]

e ≤ f(ρ(t, 0+)) ≤ E and g ≤ f(ρ(t, L−)) ≤ G (6.2.10)

where e, E, g, G are given constants. We consider ξ a genuine characteristic on an interval [a, b] such that

∀t ∈ (a, b], ξ(t) ∈ (0, L).

Then there exists a constant v ∈ [0, 1] such that, for any t ∈ [a, b], ξ̇(t) = f ′(v) and, for any t ∈ (a, b),
ρ(t, ξ(t)) = v. Moreover,

ξ(a) = 0 and a > 0 implies f ′(v) > 0 and

{
e ≤ f(v) ≤ E if a ∈ (c, d),
0 ≤ f(v) ≤ f(σ)− ε otherwise,

(6.2.11)

a = 0 implies ρ(a, ξ(a)+) ≤ v ≤ ρ(a, ξ(a)−), (6.2.12)

ξ(a) = L and a > 0 implies f ′(v) < 0 and

{
g ≤ f(v) ≤ G if a ∈ (c, d),
0 ≤ f(v) ≤ f(wR) otherwise.

(6.2.13)

x

t

0 L

t̄

ξ0(·)

a

ξ1(·)

ξ2(·)

b

Figure 6.5 – Illustration of generalized backward characteristics reaching the boundaries at x = 0, t = 0
and x = L

Proposition 6.2.3 is the cornerstone for studying the behavior of the G-solutions of (6.2.1). Roughly speaking,
Proposition 6.2.3 allow us to find a time T3 independent of the initial data ρ0 and to construct a function
β(·) such that any minimal generalized characteristic emanating from the left side (resp. right side) of β(·)
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reaches the boundary at x = 0 (resp. x = L), see Figure 6.6. Additionally with a careful analysis of the
derivative of β, we also get for any t ≥ T3, β(t) ∈ (0, L). Therefore, together with (6.2.9) and the germ
condition (6.2.7), we can show that only non-classical shocks can be generated at x = 0 and x = L after
t ≥ T3. We deduce that for any t ≥ T3,

f(ρ(t, 0+)) = F1(t, ρ) and f(ρ(t, L−)) = F2(t, ρ), (6.2.14)

This implies that the controllers are active all the time. From the mass conservation, we deduce that for any
t ≥ T3,

ṁ(t) = f(ρ(t, 0+))− f(ρ(t, L−)) = F1(t, ρ)− F2(t, ρ) = −g(m(t)), (6.2.15)

where m(·) is defined in (6.2.5).

t

x0 L

β(·)

T2

T1

T3

ρρ̄ρ̌f(σ)−ε wR

f(ρ)

Figure 6.6 – Illustration of the proof of Theorem 6.2.2

Sketch of the proof of Theorem 6.2.1 (existence) . Let ε > 0 and T4 := T3 + ε. From Schauder’s fixed
point theorem, for any ρ0 ∈ L∞(R; [0, 1]), we have seen that, there exists at least one G-entropy solution,
denoted by ρ, of (3.2.1) over [0, T4] where F1 and F2 are defined in (6.2.4). We consider the following coupled
PDE-ODE 

vt(t, x) + ∂xf(v(t, x)) = 0, t ∈ (T4,∞), x ∈ R,
v(T4, x) = ρ(T3, x), x ∈ R,
f(v(t, 0)) ≤ f(wL)− g(γ(t)), t ∈ (T4,∞),
f(v(t, L)) ≤ f(wR), t ∈ (T4,∞),
γ̇(t) = −g(γ(t)), t ∈ (T4,∞),

γ(T3) =
∫ L

0
(ρ(T3, x)− w(x))dx.

(6.2.16)

From [4, Theorem 2.11], the coupled PDE-ODE admits a unique G-entropy solution, denoted by v, over
[T4,∞). By concatenating the two solutions ρ over [0, T4] and v over [T4,+∞), we construct a G-solutions
of (6.2.1) over R+ × R.

Sketch of the proof of Theorem 6.2.2 (stabilization). From the candidate Lyapunov function V : x → x2

2 ,
we see that the EDO (6.2.15) is asymptotically stable around the equilibrium point 0 (see [80]). Thus,
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together with the definition of the target function (6.2.2) and the construction of β(·), we deduce that
limt→∞m(t) = 0, limt→∞ β(t) = x0 and limt→∞ F1(t, ρ) = f(wL) and limt→∞ F2(t, ρ) = f(wR). We deduce
that any G-solution ρ(t, ·) of (3.2.1) with initial datum ρ0 converges to w(·) in L1(0, L) as t→∞.

Numerical simulations. To construct an approximate solution of (3.2.1), we use a finite volume scheme
described in [4]. In Figure 6.7, Figure 6.8, Figure 6.9, F1 is a saturated proportional controller, i.e g in
(6.2.4) is defined by, for any x ∈ R, g(x) = K0x where K0 > 0 is the gain of the controller. Any G-
solution of the PDE (3.2.1) with the controller F1 is asymptotically stable around the stationary solution
w(·) (see Corollary 2). In Figure 6.10, Figure 6.11, Figure 6.12, F1 is a saturated sliding mode controller, i.e

g : x → K0|x|
1
2 sign(x) where K0 > 0 is the gain of the controller. Any G-solution of the PDE (3.2.1) with

the controller F1 converges in finite time to the stationary solution w(·) (see Corollary 1).

Figure 6.7 – Plottings of the initial data v0 (−),
the target function w (−−) and the G-solution of
(3.2.1) (−) over (0, 1) at time t = 20 with L = 1
and for any x ∈ R, g(x) = K0x with K0 = 0.4.

Figure 6.8 – Plotting of the G-solution of (3.2.1)
(−) over (−15, 20) at time t = 20 with L = 1 and
for any x ∈ R, g(x) = K0x with K0 = 0.4.

Figure 6.9 – Plotting of the saturated P-
controller F1(·) with respect to time t.
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Figure 6.10 – Plottings of the initial data v0 (−),
the target function w (−−) and the G-solution of
(3.2.1) (−) over (0, 1) at time t = 20 with L = 1

and for any x ∈ R, g(x) = K0|x|
1
2 sign(x) with

K0 = 0.4.

Figure 6.11 – Plotting of the G-solution of (3.2.1)
(−) over (−15, 20) at time t = 20 with L = 1

and for any x ∈ R, g(x) = K0|x|
1
2 sign(x) with

K0 = 0.4.

Figure 6.12 – Plotting of the saturated SMC-
controller F1(·) with respect to time t.
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Chapter 7

Perspectives on Road Network
Control

In this chapter, we consider the road network setting defined in Section 4.1 and Section 4.2.1. More precisely,
on each road the evolution of the traffic flow is modeled by the LWR model defined in (4.1.12). At network
junctions, we define appropriate coupling conditions to ensure conservation of vehicles, admissibility of flows,
and consistency with traffic behavior. This is typically achieved through Riemann solvers for networks, which
determine incoming and outgoing fluxes based on demand and supply constraints and priorities, see Section
4.1. The solutions will be understood in the sense of G-solutions as defined in Section 4.1 and Section 4.2.2.

Our aim is to control traffic flow on road networks to improve overall system performance and to reduce
congestion, pollution and accident, without relying on costly capacity expansion infrastructure projects.
Several families of control mechanisms have emerged : flux restrictions at junctions (ramp metering
[47, 51, 53, 64, 81, 86], traffic signals [55, 56]) or Controlled speed limits [47, 51, 78, 81]. In recent years,
optimal control methods have been developed to design open-loop controllers aimed at optimizing various
performance criteria, such as evacuating all vehicles from a given road segment [14, 47, 97], minimizing total
travel time, or reducing overall fuel consumption [51, 86]. However, as explained in Section 6.1, the nonlin-
earity of the conservation law in (1.1.1) can make the cost function non-differentiable, which complicates the
derivation of optimality conditions. This has led to the development of discrete adjoint techniques, in which
the adjoint equations are derived directly from numerical flux schemes (time-space Godunov scheme [86], a
spatial semi-discretized Lax-Friedrichs [14]).

7.1 Traffic Network Control Using Flux Limitations at Junctions

The solution of the PDE (6.2.1) modeling two toll gates along highway or road lights can be regarded as a

GJ1,J2

-entropy solutions for Cauchy network problem with two 1 : 1 junctions where J1 and J2 are two flux
restriction area (tollgates, speed bump), see Figure 7.1.

J1 J2

Figure 7.1 – A controlled network with two 1 : 1 junctions J1 and J2

Let n = m = 1 and f := f0 = f1, the density ρ = (ρ0, ρ1) is a G-entropy solutions of PDE (6.2.1) if ρ
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satisfies 
∂tρ

k(t, x) + ∂xf
k(ρk(t, x)) = 0, (t, x) ∈ R+ × Ik,

ρk(0, x) = ρk0(x), x ∈ Ik,
ρ(t, 0) ∈ GF 0(t), t ∈ R+ and ρ(t, L) ∈ GF 1(t), t ∈ R+,

(7.1.1)

where I1 =]−∞, 0], I2 = [0, L], I3 = [L,+∞[ and the junction conditions satisfied by the trace of ρ = (ρ0, ρ1)
on {x = 0} and on {x = L}, are encoded by a given set GF i(t) ∈ [0, 1]n+m, i ∈ {0, 1}:

GF i(t) :=

{
P = (p0, p1) ∈ [0, 1]2

∣∣∣∣ 0 ≤ f(pj) ≤ F i(t), j = 0, 1,
f(p0) = f(p1),

}
. (7.1.2)

Note that the germ (7.1.2) cannot be written as the germ GΛ defined in (4.1.17) because the condition

D(pk) ≥ λ̂k
(
D(p0)

)
, k = 1, 2 rules out non-classical shocks; when n = m = 1, f := f1 = f2, λ̂1 : λ →

min(λ, F 1), p1 < σ < p0 and f(p1) = f(p0), we have λk
(
D(p0)

)
= f(σ) > f(p1) = D(p1). Moreover, the

germ (7.1.2) is not a Kruzkov germ; when p1 < p̄0 < σ < p̄1 < p0 with f(p0) = f(p1) and f(p̄0) = f(p̄1), we
have

Df (p, p̄) = sgn(p0 − p̄0)(f(p0)− f(p̄0))− sgn(p1 − p̄1)(f(p1)− f(p̄1)) = f(p0)− f(p̄0) < 0.

Note that the germ introduced in Definition 1 (see also [4]) does not coincide with the set defined in (7.1.2).
More precisely, non-classical shocks (ρ̌, ρ̂) satisfying f(ρ̌) = f(ρ̂) < F i belong to the germ GF i(t) defined in
(7.1.2) but they are all ruled out in the Definition 1; only those satisfying f(ρ̌) = f(ρ̂) = F i are allowed. In
(7.2.6), we introduce a germ that coincides with the one defined in Definition 1.

In Section 6.2 (see also [71]), we have proven existence of G-solutions for the road network consisting of two
1 : 1 junctions with two germs defined as in (7.2.6). We also construct two feedback controllers F 1(·) and
F 2(·) that steers the solution on the road between the two junctions J1 and J2 to a given stationary solution
without requiring any additional regularity assumptions. This leads to the following questions : can the
stabilization results obtained for a road traffic network consisting of two 1 : 1 junctions be extended to a
general traffic network? In Section 6.1 (see also [74]), we have seen that autonomous vehicles, regarded as
moving bottlenecks, could have a positive impact (total fuel consumption) on highway traffic dynamic. Can
we extend the positive impact of AVs on traffic flow network?

7.2 Open questions and perspectives

Open problem 1 : stabilization on road networks using tollgates at junctions.

We want to get stabilization results for road traffic network as in (6.2.1) using maximum flux controllers
at junctions. We consider the road network framework described in Section 4.1, where each junction J
represents a real-world intersection (roundabout, traffic light, stop). Let ρ0 = (ρ1

0, · · · , ρn+m
0 ) be a Riemann

data at J . To take into account the maximum flux restriction Fi at the junction J, we will replace the
Riemann solver RSiroad on the road i that are connected to the junction J by the following constrained

Riemann solver RSconstr,i
road defined by

RSconstr,i
road (ρL, ρR)(x/t) =


{
R(ρL, ρ̂α(Fi))(x/t), if x < 0,

R(ρ̌α(Fi), ρR)(x/t), if x > 0,
if f i(R(ρL, ρR)(0)) > Fi,

R(ρL, ρR), otherwise.

where ρ̌α(Fi) < ρ̂α(Fi) are the two solutions of the equation f i(ρ) = Fi. It means that we do not change
the structure of the junction J but only restrict the junction J entering the flux from the road i. We can
characterize the set of all possible (ρ̂i)i∈{1,··· ,n} that are compatible with the constrained Riemann solver
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RSconstr,i
road . For any i ∈ {1, · · · , n} (entering road Ii), we have

ρ̂i ∈


{z ∈ R : (f i)′(z) < 0 and f i(z) < f i(ρi0)} ∪ {ρi0}, if (f i)′(ρi0) > 0 and f i(ρi0) ≤ Fi,
{z ∈ R : (f i)′(z) ≤ 0}, if (f i)′(ρi0)) ≤ 0 and f i(ρi0) ≤ Fi,
{z ∈ R : (f i)′(z) ≤ 0 and f i(z) ≤ Fi}, if f i(ρi0) > Fi,

(7.2.1)

and for i ∈ {n, · · · , n+m} (exiting road Ii), we have

ρ̂i ∈


{z ∈ R : (f i)′(z) > 0 and f i(z) < f i(ρi0)} ∪ {ρi0}, if (f i)′(ρi0) < 0 and f i(ρi0) ≤ Fi,
{z ∈ R : (f i)′(z) ≥ 0}, if (f i)′(ρi0)) ≥ 0 and f i(ρi0) ≤ Fi,
{z ∈ R : (f i)′(z) ≥ 0 and f i(z) ≤ Fi}, if f i(ρi0) > Fi.

(7.2.2)

As a consequence, for any i ∈ {1, · · · , n}, for any j ∈ {n+ 1, · · · , n+m}

γ̂i := f i(ρ̂i) ∈ [0, Di
Fi(ρ

i
0)] and γ̂j := f j(ρ̂j) ∈ [0, SjFj (ρ

j
0)] (7.2.3)

where Di
Fi

and SjFj are respectively the constraint Demand function and the constraint Supply function

Di
Fi(ρ) = min(Di(ρ), Fi) and SjFj (ρ) = min(Sj(ρ), Fj) (7.2.4)

where Di and Sj are defined in (4.1.5). Note that from (7.2.1), (7.2.2) and the knowledge of γi, there exists
a unique ρ̂i such that γ̂i := f i(ρ̂i). To construct a boundary Riemann solver at the function J , we need to
give additional constraints to (7.2.3) and (4.1.6) to select a unique (γ̂1, · · · , γ̂n+m). Since we do not change
the structure of the junction J , the additional constraint is given directly from J and by replacing Di and
Si by Di

Fi
and SiFi . Let us give two examples, one with a 1 : 1 junction and another with 1 : 2 junction.

Example 1. Let ρ0 = (ρ1
0, ρ

2
0) be a Riemann data at J and J a 1 : 1 junction associated to the germ

G1:1 :=

P = (p0, p1) ∈ [0, 1]2

∣∣∣∣∣∣
0 ≤ f i(pi) ≤ maxρD

i(ρ), i = 0, 1
f0(p0) = f1(p1),
D2(p2) ≥ D1(p1),

 . (7.2.5)

Note that in that case, we have f1(p1) = f2(p2) = min(D1(ρ1
0), S2(ρ2

0)). Replacing Di and Si by Di
Fi

and

SiFi we get

GF
1,F 2

1:1 :=

P = (p0, p1) ∈ [0, 1]2

∣∣∣∣∣∣
0 ≤ f i(pi) ≤ F i, i = 0, 1
f0(p0) = f1(p1),
min(D2(p2), F2) ≥ min(D1(p1), F1),

 . (7.2.6)

and
f1(p1) = f2(p2) = min(D1(ρ1

0), S2(ρ2
0), F1, F2).

Note that min(D2(p2), F2) ≥ min(D1(p1), F1) rules out all non-classical shocks (p1, p2) satisfying f(p1) =
f(p2) < F := min(F1, F2) but we may have non-classical shock (p1, p2) such that f(p1) = f(p2) = F with

p2 < p1. The germ GF1,F2

1:1 in (7.2.6) coincides with the one defined in Definition 1. Moreover, it is a Kruzkov
germ (see section [5, Section 4.9] and the notion of maximal L1-dissipative admissibility germ). We also
observe that our control strategy differs from that one used in [14]. In their approach, the control acts on
the proportion of vehicles directed toward road 2, with

γ̂1 = γ̂2 = min(D1(ρ1
0), (1− F2)S2(ρ2

0)).

In contrast, in our setting, when F1 = f1
max and F2 < f1

max, the control is applied directly to the maximum
flow entering road 2, i.e

γ̂1 = γ̂2 = min(D1(ρ1
0), S2(ρ2

0), F2).
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Example 2. Let ρ0 = (ρ1
0, ρ

2
0, ρ

3
0) be a Riemann data at J and J a 1 : 3 junction without spillover. Replacing

Di and Si by Di
Fi

and SiFi in (4.1.9), we get

γ̂2 = min
(
βD1

F1
(ρ1

0), S2
F2

(ρ2
0)
)

= min
(
βD1(ρ1

0), S2(ρ2
0), βF1, F2

)
,

γ̂3 = min
(
(1− β)D1

F1
(ρ1

0), S3
F3

(ρ3
0)
)

= min
(
(1− β)D1(ρ1

0), S3(ρ3
0), (1− β)F1, F3

)
,

γ̂1 = γ̂2 + γ̂3,

with β ∈ [0, 1].

We consider a network (I,J ) as defined in (4.1). Let w = (w1, · · · , wN ) be a target function such that for
any i ∈ {1, · · · , N}, wi is a stationary solution on each road/edge Ii. We consider the system ∂tρ

i(t, x) + ∂xf
i(ρi(t, x)) = 0, (t, x) ∈ R+ × Ii,

ρi(0, x) = ρi0(x), x ∈ Ii
ρ(t, ji) ∈ GJi(Fi), t ∈ R+,

(7.2.7)

where ji is the position of the junction Ji, Fi ∈ Rni×mi is the feedback controller applied at the junction Ji
of the network and the germ GJi(Fi) is identified from a real-work junction (see Section (4.2.2) replacing Di

and Si by Di
Fi

and SiFi). We have the following open-questions :

1. Can we construct N feedback controllers F = (Fi)i=1,··· ,N that stabilize (7.2.7) around the target
function w, i.e for any initial data ρ0 = (ρ1

0, · · · , ρN0 ), the G-solutions ρ(t, ·) of (7.2.7) converges to w(·)
in (L1(0, L))N as t→∞.

2. If we only have a limited number of controllers, can we find their optimal locations so as to steer the
G-solutions ρ(t, ·) of (7.2.7) as close as possible to w(·) in (L1(0, L))N as t→∞?

3. Can we replace the first-order equation LWR by the second order GARZ in (7.2.7)?

The target function can be either a classical shock (ρL, ρR) with f(ρL) = F (ρR) and ρL < ρR or a constant
function. We denote by S = (S1, · · · ,Sn) the finite set of possible stationary solutions of (7.2.7). We can
choose a target function that solves the following optimization problem

min
w=(w1,··· ,wn)∈S

∑
i∈J

∫ bi

ai

F(w(x)) dx (7.2.8)

where J is a subset of {1, · · · , N} and F may represent the total travel time, the pollution or the congestion.
For instance, in (6.1.3), the cost function F stands for total fuel consumption and in [14] the cost function F
stands for road evacuation in an urban environment. In [71], the feedback controllers depend on the number
of vehicles on the road, an observation that can be reconstructed using pneumatic road tubes.

Open problem 2 : optimal control problem on road networks using AVs.
We want to dissipate a traffic jam or reduce pollution through the use of controlled autonomous vehicles
operating on a network (I,J ) defined in (4.1). We consider the following system

∂tρ
i(t, x) + ∂xf

i(ρi(t, x)) = 0, (t, x) ∈ R+ × Ii,
ρi(0, x) = ρi0(x), x ∈ Ii
f
(
ρi(k) (t, yk(t))

)
− ẏk(t)ρi(k) (t, yk(t)) ≤ Fα (ẏk(t)) , t ∈ R+, k = 1, · · · , N

ẏk(t) = min{Vk(t), v(ρi(k)(t, yk(t)+))}, t ∈ R+, k = 1, · · · , N,
yk(0) = y0

k, k = 1, · · · , N,
ρ(t, jk) ∈ GJk(F k), t ∈ R+, k = 1, · · · , N,

(7.2.9)

where (yk)i=k,··· ,N stands for the trajectory of N autonomous vehicles, the function Fα(ẏk(t)) with α ∈ (0, 1)
stands for the maximal road capacity reduction due to the presence of the kth autonomous vehicle, i(k)
denotes the index of the road on which the autonomous vehicle is operating and the controller Vk is the
maximum speed of the kth AV. We assume that each autonomous vehicle follows a predefined route through
the network. We have the following optimization problem
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inf
(Vi)i=1,··· ,N∈[0,Vmax]N

‖Vi‖BV ≤C

J(V ) =
∑
i∈J

∫ Tf

0

∫ bi

ai

F(ρi(t, x))dtdx, (7.2.10)

where J is a subset of {1, · · · , N}, (ρ, y1, · · · , yN ) is the solution of (7.2.9) associated to (ρ0, y
0
1 , · · · , y0

N ) and
F may represent the total travel time, the pollution or the congestion. Solving the optimization problem
(7.2.10) leads to the following open-questions :

1. Can we prove existence of solutions for (7.2.9)?

2. Can we solve the optimization problem (7.2.10)? Existence? optimality conditions?

To prove existence of solutions for (7.2.9), we must account for interactions between AVs. The authors in
[52] analyze such interactions on a highway and show, in particular, that two non-classical shocks cannot
interact. To prove the convergence of the approximate solutions (ρn, yn), constructed using wave-front track-
ing method, to the solution (ρ, y), we must modify the total variation functional (3.1.2) to account for the
new waves generated by AV interactions, which is essential for establishing Lemma 3.1.1. We also need to
analyze the interactions between the autonomous vehicles and the network junctions. To this end, we select
as the road Riemann solver RSroad the moving-constrained Riemann solver introduced in Section 3.1, and
then apply the strategy described in Section 4.1.

Since ρi may develop discontinuities in finite time, the cost function in (7.2.10) is not differentiable with
respect to V (see [74] or Section 6.1). To get first-order optimality conditions, the derivative of the cost
function J0 in (OT ) can be regarded in a weak sense by requiring strong conditions on the set of initial data
as in [16, 17, 20, 21]. We may also apply a spatial semi-discretization of the LWR equation on each road to
make the cost functional J differentiable and use an adjoint-based method as in [14]. Nevertheless, directly
tackling the optimization problem (7.2.10) remains challenging. Another approach consists in learning near-
optimal decision-making strategies through interactions with an environment. More precisely, the agents are
the autonomous vehicles, the environment is the network model (4.1), the actions correspond to the vehicles’
speeds, the states are given by the vehicles’ positions and the traffic densities on the network roads, and the
reward is defined by the cost functional J . Our objective is to combine reinforcement learning methodologies
with mathematical analysis in order to extract explicit feedback controllers, as proposed in [1]. We can
then compare the efficiency of the feedback controllers constructed in Open Problems 1 and 2 when the
cost function in (7.2.8) and (7.2.10) represent the same objective, such as pollution reduction or travel time
minimization.
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